COMPARISON BETWEEN ANALYTIC AND ALGEBRAIC
CONSTRUCTIONS OF TOROIDAL COMPACTIFICATIONS OF
PEL-TYPE SHIMURA VARIETIES

KAI-WEN LAN

ABSTRACT. Using explicit identifications between algebraic and analytic theta
functions, we compare the algebraic constructions of toroidal compactifications
by Faltings—Chai and the author, with the analytic constructions of toroidal
compactifications following Ash—Mumford—Rapport—Tai. As one of the appli-
cations, we obtain the corresponding comparison for Fourier—Jacobi expansions
of holomorphic automorphic forms.

MOTIVATING QUESTION

In [23], the author constructed toroidal and minimal compactifications for moduli
problems parameterizing abelian varieties with PEL structures, each being defined
over some localization (with no ramified primes in the residue characteristics) of
the ring of integers of the so-called reflex field. The construction uses the algebraic
theory of degeneration of abelian varieties developed in [25] and [I7]. There is no
(complex) analytic argument involved.

On the other hand, abelian varieties over C with PEL structures can be param-
eterized explicitly by double coset spaces forming finite disjoint unions of quotients
of Hermitian symmetric spaces by arithmetic groups. Any such analytic moduli
space appears as a union of connected components in the analytification of the
complex fibers of some algebraic moduli space.

According to the theory of [4], these double coset spaces admit canonical com-
pactifications by finite disjoint unions of irreducible normal projective varieties.
This is the analytic construction of minimal compactifications. Moreover, accord-
ing to the theories developed in [20] and [2], the singularities of these projective
varieties are resolved by complex algebraic spaces (namely Moishezon spaces) pa-
rameterized by certain combinatorial data. This is the analytic construction of
toroidal compactifications.

Since the algebraic and analytic compactifications enjoy properties perfectly par-
allel to each other, it is tempting to conclude (as in [I7, Ch. IV, Prop. 5.15]) that
each of the analytic compactifications appears as a union of connected components
in the analytification of the complex fiber of some algebraic compactification. (In
general we cannot hope that they are identical due to technical restrictions in the

The author is supported by the Qiu Shi Science and Technology Foundation, and by the
National Science Foundation under agreement No. DMS-0635607. Any opinions, findings, and
conclusions or recommendations expressed in this material are those of the authors and do not
necessarily reflect the views of these organizations.

Please refer to J. Reine Angew. Math. 664 (2012), pp. 163-228, doi:10.1515/CRELLE.2011.099,
for the official version. Please refer to the errata on the author’s website for a list of known errors
(which have been corrected in this compilation, for the convenience of the reader).

1



2 KAI-WEN LAN

definition of moduli problems incurred by the so-called failure of Hasse’s principle.
See 211, §8].)

In [I6, Ch. VII, 4.4] and [28, 6.13], their explanations involve analytic con-
structions of partial compactifications of degenerating families of abelian varieties
analogous to the algebraic ones. However, due to difficulties in patching over higher-
dimensional cusps (and their intersections), it is not obvious that such an analytic
construction is possible in reasonable generality. Moreover, even admitting this
possibility, it is not obvious that the identification should be a simple one. For
example, why should the analytic g-expansions be identified with the algebraic
g-expansions without introducing some “periods”? A systematic answer to this
question is desirable for practical reasons.

In this article, we propose an alternative explanation by comparing analytic and
algebraic theta functions. Since the theory of degeneration of polarized abelian
varieties (in [25] and [I7]) is based on algebraic theta functions, and since the
algebraic construction of toroidal compactifications (in [I7] and [23]) is based on
this theory of degeneration, we believe it is more natural (and logically simpler) to
focus on the (canonical) spaces of theta functions than on (non-canonical) partial
compactifications of the degenerating families.

The outline of our approach is as follows. First, we analyze the boundary struc-
ture of the analytic toroidal compactifications in terms of Siegel domains of the
third kind, and write down tautological degeneration data over the formal comple-
tions along the boundary strata. (This means we are using the analytic ¢’s as the
algebraic ¢’s right in the beginning.) The detailed steps are lengthy but straight-
forward. Next, by Mumford’s construction, we obtain degenerating families along
such completions. As a byproduct, we obtain comparison isomorphisms between
analytic and algebraic objects over completions along the boundary strata. Fi-
nally, we show that, over the completions along boundary points (on the boundary
strata), the pullbacks of generic fibers of the degenerating families coincide with
the pullbacks of the universal families, using explicit bases given by theta functions.
This allows us to patch the comparison isomorphisms (over completions) together
over the whole compactifications.

Since the question makes sense only if the readers are reasonably familiar with
both [2] and [23], we will make frequent references to them without repeating the
definitions and arguments. (Although the notations might be slightly different,
readers who are familiar with [I7] and related works should have no problem in
following [23].) On the other hand, since it is common that the readers might have
their own choices of analytic coordinates in special cases, we shall be as explicit as
possible when it comes to complex coordinates and theta functions. We hope this
is a practical approach for potential users of this article.
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We shall follow [23] Notations and Conventions] unless otherwise specified. (Al-
though our references to [23] uses the numbering in the original version, the reader
is advised to consult the errata and revision for corrections of typos and minor
mistakes, and for improved exposition.)

Throughout the article, /—1 denotes some fixed choice of square root of —1 in
C, z + 2° denotes the complex conjugation of C, and the notation Im’ denotes the
modified imaginary part defined by Im’(2) = 1 (2—2°) for any z € C. (In particular,
the value of Im’ is independent of the choice of v/—1.) By symplectic isomorphisms
between modules with symplectic pairings, we always mean isomorphisms between
the modules matching the pairings up to an invertible scalar multiple. (These are
often called symplectic similitudes, but our understanding is that the codomains of
pairings are modules rather than rings, which ought to be matched as well.)

1. PEL-TYPE MODULI PROBLEMS

1.1. Linear algebraic data. Let O be an order in a finite-dimensional semisimple

algebra over Q with positive involution * and center F'. Here positivity of * means

Tr@®R/R(xx ) >0 for any = # 0 in O @ R. We assume that O is mapped to itself
Z

under
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Let us denote by e : C — C* the homomorphism sending z to exp(z) for any
z € C. Let Z(1) := ker(e), which is a free Z-module of rank one. Any square-root
v —1 of —1 in C determines an isomorphism

(1.1.1) 2rv/-1)"1:z(1) = 7z,

but there is no canonical isomorphism between Z(1) and Z. For any commutative
Z-algebra R, we denote by R(1) the module R®Z(1). When R is a subring of R
Z

containing (27) and (27)7!, it is also convenient to use the isomorphism —v/—1 :
R(1) & R, the multiple of by 27. This modified isomorphism defines the
same notion of positivity as the original isomorphism.

By a PEL-type O-lattice (L,{-, -),ho) (as in [23, Def. 1.2.1.3]), we mean the
following data:

(1) An O-lattice, namely a Z-lattice L with the structure of an O-module.

(2) An alternating pairing (-, -) : L x L — Z(1) satisfying (bx,y) = (z,b*y)
for any z,y € L and b € O, together with an R-algebra homomorphism
ho:C— Endo@)R(L%R) satisfying:

Z
(a) For any z € C and z,y € L%R, we have (ho(2)z,y) = (x,ho(2%)y),

where C — C : z — 2¢ is the complex conjugation.
(b) For any choice of v/—1 in C, the pairing —v/—1 (-, ho(v/—1)-) :
(L(%]R) x(L%R) — R is symmetric and positive definite. (This last
condition forces (-, -) to be nondegenerate.)
(In [23] Def. 1.2.1.3], ho was denoted by h.) The tuple (O,*,L, (-, -), ho) then gives
us an integral version of the (B,*,V, (-, -}, ho) in [2I] and related works.
The reductive group that will be associated with the geometric objects we study
is as follows:

Definition 1.1.2 (cf. [23] Def. 1.2.1.5]). Let a PEL-type O-lattice (L,{-, -), ho) be
given as above. For any Z-algebra R, set

G(R) := {(g,r) € GL@(%R(L%R) X G (R) : <9$7€/Z?;€r<lg/v,y>,}.

Namely, G(R) is the group of symplectic automorphisms of L@ R (cf. [23, Def.
z

1.1.4.11]). The assignment is functorial in R and defines a group functor G over
Spec(Z).

The projection to the second factor (g,r) — r defines a homomorphism v : G —
Gy, which we call the similitude character. We shall often denote elements
(g,7) in G by simply g, and denote by v(g) the value of r when we need it, although
one should keep in mind that v is not determined by g, for example, when L = {0}.

Let O be any set of rational primes. (It can be either an empty set, a finite set,
or an infinite set.) Then we have definitions for G(Q), G(A>"7), G(A*), G(R),
G(A"), G(&), G(Z), G(Z/nZ), G(Z°), G(Z), T(n) = kex(G(Z) — G(Z/nZ)),
US(n) := ker(G(Z°) — G(Z°/nZ") = G(Z/nZ)) for any integer n > 1 prime-
to-0, and U(n) := ker(G(Z) — G(Z/nZ) = G(Z/nl)).

Following Pink [27] 0.6], we define the neatness of open compact subgroups H of
G(Z") as follows: Let us view G(Z°) as a subgroup of GL,, w20 (L %) Z5) x G (Z°).

Z

(Alternatively, we may take any faithful linear algebraic representation of G(ZD).)
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Then, for each rational prime p > 0 not in O, it makes sense to talk about eigen-
values of elements g, in G(Z,), which are elements in Q. Let g = (g,) € G(Z5),
with p running through rational primes such that O { p. For each such p, let ', be
the subgroup of Q, generated by eigenvalues of g,. For any embedding Q — Q,,
consider the subgroup (@x NTp)tors Of torsion elements of Q*n I'p, which is inde-

pendent of the choice of the embedding Q — Q,,.
Definition 1.1.3 (|23, Def. 1.4.1.8]). We say that g = (g,) is neat if QD(QX N
P

Tp)tors = {1}. We say that an open compact subgroup H of G(ZD) is neat if all
its elements are neat.

Remark 1.1.4. The usual Serre’s lemma that no nontrivial root of unity can be
congruent to 1 mod n if n > 3 shows that H is neat if H C U (n) for some n > 3
such that O 1 n.

Remark 1.1.5. Definition makes no reference to the group G(Q) of rational
elements. Nevertheless, if H is neat, then N G(Q) is neat as an arithmetic group,
in the sense of [8, 17.1].

1.2. Definition of moduli problems. Let us fix the choice of a PEL-type
O-lattice (L,{-, -),ho) as in the previous subsection. Let Fj be the so-called
reflex field defined as in [23 Def. 1.2.5.4]. We shall denote the ring of integers in
Fy by OF,, and use similar notations for other number fields. This is in conflict
with the notation of the order O, but the precise interpretation will be clear from
the context.

Let Disc be the discriminant of O over Z (as in [23 Def. 1.1.1.6]; see also [23]
Prop. 1.1.1.12]). Closely related to Disc is the invariant Ip,q for O defined in [23]
Def. 1.2.1.17], which is either 2 or 1 depending on whether type D cases are involved.

Definition 1.2.1. We say that a prime number p is bad if p| Ipaq Disc [L# : L].
We say a prime number p is good if it is not bad.

Fix any choice of a set O of good primes. We denote by Z) the unique lo-
calization of Z (at the multiplicative subset of Z generated by nonzero integers
prime-to-0) having O as its set of height one primes, and denote by Vi (resp.
A5 resp. A7) the integral adeles (resp. finite adeles, resp. adeles) away from O.
Let So := Spec(Op,,(ny) and let (Sch /So) be the category of schemes over Sq. For
any open compact subgroup H of G(ZD), there is an associated moduli problem
M4, defined as follows:

Definition 1.2.2 (cf. [23] Def. 1.4.1.4]). The moduli problem My, is defined by the
category fibred in groupoids over (Sch /Sg) whose fiber over each S is the groupoid
My (S) described as follows: The objects of My (S) are tuples (G, A, i, a3y), where:

) G is an abelian scheme over S.

) A: G — GV is a polarization of degree prime to O.

) i: O — Endg(G) defines an O-structure of (G, ).

) Lieq /g with its O % Z(my-module structure given naturally by i satisfies the

determinantal condition in [23], Def. 1.3.4.2] given by (L®R, (-, -), ho).
Z
(5) ayy is an (integral) level-H structure of (G, \,i) of type (LQZS, (-, -)) as
zZ
in [23, Def. 1.3.7.8).
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The isomorphisms (G, A, i, ) ~isom. (G', N7, 0%,) of My (S) are given by (naive)
isomorphisms f : G = G’ such that A = f¥ o X o f, foi(b) =i'(b)o f for every
be O, and foay = ofy (symbolically).

Remark 1.2.3. The definition here using isomorphism classes is not as canonical as
the ones proposed by Grothendieck and Deligne using quasi-isogeny classes (as in
[21]). For the relation between their definitions and ours, see [23] §1.4]. We prefer
our definition because it is better for the study of compactifications, and more
concretely because it does not help (for our purpose) to realize theta functions as
sections of line bundles on quasi-isogeny classes of abelian varieties.

Theorem 1.2.4 (|23, Thm. 1.4.1.12 and Cor. 7.2.3.10]). The moduli problem My
is a smooth separated algebraic stack of finite type over Sg. It is representable by a
quasi-projective scheme if the objects it parameterizes have no nontrivial automor-
phism, which is in particular the case when H is neat (as in Deﬁnition.

We shall insist from now on in this article the following technical condition on
PEL-type O-lattices:

Condition 1.2.5 (cf. [23, Cond. 1.4.3.9]). The PEL-type O-lattice (L, (-, -), ho) is
chosen such that the action of O on L extends to an action of some mazximal order
O in O®Q containing O.

Z

By forgetting level structures, there is a canonical morphism from the moduli
problem My defined with O = ) to the characteristic zero fiber of any analogous
moduli problem defined by a larger set O, and this canonical morphism is finite
étale with open image because level structures are parameterized by isomorphisms
between finite étale group schemes. For our purpose of comparison with the complex
analytic construction, it is most natural to focus on the case O = ().

From now on, we shall assume that O = (), in which case O, gy = Fo. Then
H is an open compact subgroup of G(A*), and the moduli problem My, is defined
over So = Spec(Op, (o)) = Spec(Fp).

2. COMPLEX ABELIAN VARIETIES

2.1. Complex structures. Let us fix a choice of a symplectic O-lattice (L, (-, -))

as in The aim of this section is to understand the role played by the choices of

the polarization h of (L®R, (-, -)) (that makes (L, (-, - ), h) a PEL-type O-lattice).
Z

(Keep in mind that (L, (-, -}, h) defines a polarized Hodge structure of weight —1.)

Definition 2.1.1. Let ¢ € {£1}. A e-polarization of (LQR,(-,-)) is an
z
R-algebra homomorphism h : C — Endpgr(L®R) such that the assignment
Z Z

x4+ yv—1— hiz+yey/—1), for x,y € R, defines a polarization of (LR, (-, -)).
VA

Let us restate [26, Ch. II, Lem. 4.1] in our context as follows:

Lemma 2.1.2. Let us fix an element € € {£1}. Consider the three sets formed
respectively by the following three types of data on (LR, (-, -)):
zZ

(1) An e-polarization h of (LR, (-, -)).
Z
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(2) An (’)%)(C—module V', together with an O-module morphism i : L — V

and a Hermitian pairing H : V XV — C (which is C-linear in the second
variable) such that:
(a) Im’ H(z,y) = (z,y) for every z,y € L.
(b) The Hermitian pairing eH : V x V — C is positive-definite.
(3) An O % C-submodule P of L%) C such that:

(a) P=PLt:={zc L%(C {z,y) =0,Vy € P}.
(b) For any nonzero x in P, we have e{x®,x) > 0. Here ¢ : LC —
Z

LRC: x+— x€ is the complex conjugation induced by the one of C.
Z

Then the three sets are in bijections with each other under the following assign-
ments:

e From to 1' we define V := L @ R with complez structure h(~/—1), with
Z

i: L =V being the canonical morphism, and set
(2.1.3) H(z,y) = (z,y) — V-1 {x,h(vV-1)y).

e From 1’ to 1D we define P:={/—1x — h(v/-1)x : 2 € LQR}.
Z
e From 1} to 1) we define the complex structure h(v/—1) on LR to be
Z

the one induced by the natural complex structure /—1:V 5V, under the
R-linear isomorphism ig : LR — V induced by i: L — V.

e From to 1' we define P %0 be the kernel of the O %) C-module morphism
ic: LeC—V.

e From to , we define the complex structure h(y/—1) on L%R to be
the one induced by the complex structure 1 ®@v/—1 on (LQZ{) C)/P, under the
composition of the canonical O %R—module morphisms L %R — L %)(C —»
(L %(C)/P, which is an isomorphism because (L %R) NP =0.

e From to , we define V := (L%C)/P, define i : L — V to be the

of the canonical O-module morphisms L — LRC — V =

composition

Z
L®C)/P, and d the Hermiti iring H by th la (2.1.3)).
( % )/P, and define the Hermitian pairing y the same formula

As in [26], p. 173], the reader is advised to fully master this lemma before moving
on. We omit the proof because it is elementary and straightforward.

Definition 2.1.4. An R-algebra homomorphism h : C — End@(%R(L(%R) is called
a +-polarization if it is an e-polarization for some € € {£1}, in which case we shall
denote sgn(h) = e.

Lemma 2.1.5. If h is an £-polarization of (L%}R, (+,)) and g € G(R), then the
R-algebra homomorphism g(h) : C — EndOQzaR(L %)]R) defined by z — goh(z)og™!
is again a £-polarization, and sgn(g(h)) = sgn(v(g))sgn(h).
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2.2. Polarized abelian varieties. Let h be a +-polarization of (LR, (-, -}),
Z
which defines a complex structure h(v/—1) on L®R. We shall denote by V}
Z

the C-vector space with underlying R-vector space L ® R and complex structure
Z

h(v/—=1). By (2.1.3), h defines a Hermitian pairing Hj, : V3, x Vj, — C such that

sgn(h)Hy, is positive definite and such that (Im’ Hy,)(L x L) C Z(1).

According to the Theorem of Appell-Humbert [24] §2], the following sets of data
are in canonical bijection with each other:

(1) Isomorphism classes of line bundles on Gy,.
(2) Pairs (H,«), where:
(a) H : VW%V, — C is a Hermitian pairing on V), such that
(Im" H)(L x L) C Z(1).
(b) a : L — C* is a map such that aj(l; + I2) ay(l1)7 ! a1(l2)™t =
e(3Im’' H(ly,l5)) for any I1,15 € L.

Explicitly, a pair (H, «) as above defines an action of L on V}, x C by sending [ € L
to the holomorphic map

Vi xC =V xC: (z,w) = (x4, wa(l)e(H(I,1) + 1H(l,2))),

covering the translation action of L on V. Then forming quotients by L defines a
holomorphic map

C(H7a) = (Vh XC)/L—) Gh = Vh/L,

giving L(H, «) a structure of a holomorphic line bundle over G}, with sections of
L(H, ) represented by functions f : V;, — C (defining pairs (z, f(x)) on V;, x C)
satisfying

fla+1) = f(x) a() e(zH(,1) + 3H(1, x)).

By Lefschetz’s theorem [24, §3, Cor. on p. 35|, the complex torus G, := V,,/L is
projective. In particular, G, is an abelian variety. The ample line bundles on Gy,
correspond to pairs (H, «) such that H is positive definite.

By [24, §9], we have the following facts about Gy:

(1) The dual abelian variety of G}, is isomorphic to Gy = V},/L#.
(2) The alternating pairing (-, -) : L x L — Z(1) defines a self-dual alternating
pairing (-, - )p : (L x L#) x(L x L#) — Z(1) by

((1,12), (13, 15)) = (I, 15) — (I3, 1)
Hence, the Hermitian pairing Hp, : (Vi x V3,) x(V3, x V3,) — C defined by
((z1,22), (2}, 25)) = Hp(w1,25) + Hp(v2,2)) = Hp(21,25) — Hp (27, 22)°
satisfies Im Hp, = (-, -)p. Let ap : L x L¥ — C* be the map defined by
ap(ly,lz) == e(3(l, o).
Then

O‘P(Zl + 1/1712 + ZIQ) aP(ZlaZQ)_l ap(l/lalé)_l = e(%<llvl,2> + %<l/17l2>)
= e(%<l1’l/2> - %( /1’l2>) = e(% Im'’ th((l17l2)>( ll’l/2)>)’
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(because (I1,13) € Z(1)), and

ap(li,lz) e(3Hp, (11, 12), (1, 12)) + 5 Hp, (11, 12), (x,9)))

= e(5(l,l2) + 3 [Hn(, o) + Hy(lo, 10)] + 5[Hn (11, y) + Hy(l2, 2)])
=e($Hu(l1,12) + $Hp(l1,y) + $Hu(l2, 7).

(3) The Poincaré line bundle P, on Gj, x Gy is isomorphic to the line bun-
dle L(Hp, ,ap) corresponding by the Theorem of Appell-Humbert to the
pair (Hp,,ap) defined above. Explicitly, L(Hp,,ap) is the quotient of
Vi, x Vi, x C by the action of L x L# defined by sending (I1,l2) € L x L#
to the holomorphic map

VixVpxC—V,xV,xC:
(z,y,w) = (z+ 11, y+ 12, we(3Hn(l,l2) + 3 Hn(l,y) + 5 Hu(l2, 7))).
The fiber of such a line bundle at any point y of V}, is isomorphic to

the quotient of V}, x C by the action of L defined by sending [ € L to the
holomorphic map

Vi xC =V xC: (z,w) = (z+1, we(3Hu(l,y))).

Note that this is not exactly an action of the form given by the Theorem
of Appell-Humbert. After the holomorphic change of coordinates

Vi xC =V xC: (z,w) — (x, we(—3 Hp(y, x))),
the action above becomes
(z,w) = (z+1, we(zHu(l,y) — 3Hn(y,x +1) + 3 Hp(y,v)))
= (z+1, we(Im' Hy(l,y))) = (z +1, we((l,y))),

which is the line bundle £(0, o) with o, (1) = e({l,y)). This line bundle
L£(0, a,;) depends only on the point § € G) = V},/L# defined by .

(4) Consider the homomorphism M\, : G, = V;,/L — G) = V},/L¥ induced by
sgn(h) times the identity morphism V;, — V3. The pullback of P}, along
the homomorphism (Idg,,\n) : G, = Gj, x G} induced by the morphism
Vi, = Vi x Vi, s & — (x,sgn(h)x) is by definition the quotient of V;, x C by
the action of L defined by sending [ € L to the holomorphic map

Vi xC =V xC: (z,w) = (x+ 1, we(5 sgn(h)Hy(l,1) + sgn(h)Hy (1, x))).

This implies the following facts:
(a) Ly = (Idg, , An)* Py is isomorphic to L£(2sgn(h)Hp, 0).
(b) Ap is a polarization, because L, is ample by positive definiteness of
sgn(h)Hp,. (See [23, Prop. 1.3.2.18].)
(¢) The homomorphism Az, : Gj, — G)/, characterized by sending z € G},
to the point of G defining the isomorphism class of T Lj, ﬁ@ E% -1
G
is twice of Ap. '
(d) The kernel of )\, is canonically isomorphic to L# /L, and the subgroup
K(Ly) = ker(\z,) is canonically isomorphic to 2L# /L.
One important feature of the polarization Aj, : Gj, — G)/ is the Weil pairing et
it defines. Let us first make explicit the canonical pairing

eGun) : Guln] x GY[n] = w, ¢
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for any integer n > 1. Let y € %L# be a representative of an element § of
GY[n] = LL#/L#. The point § corresponds to the line bundle £(0,c,) with
ay(l) = e((l,y)) for any [ € L, namely the quotient of V;, x C by L defined by
(z,w) = (x+1, we((l,y))). If we pullback £(0,a,) under the multiplication
[n] : G, — Gp, by n, then we obtain the quotient of V;, x C by L defined by
(z,w) = (x+1, we((nl,y))) = (z + l,w), which is the trivial line bundle on
G}, Hence we can interpret the line bundle £(0, o,) as the quotient of the trivial
line bundle on G), by the action of Gp[n] on the trivial line bundle (covering its
translation action on GJ,) defined by (z,w) — (z+ 11, we((l,y)). According to the
theory explained in [23] §5.2.4] (based on [24] §15, proof of Thm. 1]), this shows
that the canonical pairing eq, ) (with the sign convention there) can be identified
with the pairing

e ! (%L/L) x(%L#/L#) = e (2,y) = e(n(x,y)).
If n|m for some integer m > 1, then we have e, (Zn,Yn) = €m(Tm,ym) ™ if T, =
T and Y, = Ty, This justifies the compatibility among levels, and defines the
pairing
e: (L%Z) x (L# (2Z§>Z) = TGuc: (z,y) — e((z,y))

realizing e, : TGy x TGY — TGy c. (Note that the base extension of (-, -)
from Z to 7Z already incorporates the factors * needed among levels.)

As a result, we see that the Weil pairing e’ : TG, x TG), — T Gy ¢ can be

realized as . R
01 (LOZ) X(LET) = T Guc: (2,) = e(2, 1)),

with finite level pairings e* : Gp[n] x Gu[n] = p,, ¢ realized as
ent (3 L/L) x(5L/L) = p, ¢ : (2,y) = e(n(z,y)).

Remark 2.2.1. The sign convention of the Weil pairings is a choice. It has to be
chosen to be compatible with all other choices we have made.

2.3. PEL structures. Let h be a £-polarization of (L®R, (-, -)) asin Then
Z

we obtain a complex abelian variety G and a polarization A, : G, — G .
Since the action of O on L commutes with the complex structure h(v/—1), it
defines an explicit O-endomorphism structure ip, : O < Endc(Gp) of (Gh, An).
Since Lieg, c = Vj, is isomorphic to the quotient of L%C by the submodule

P={v—-1lz—h(v—1)z:z € L @R}, it is isomorphic to the O ® C-submodule Vj of
z z

L ® C on which h(z) acts by 1 ® 2. In particular, Lieg, /¢ satisfies the determinantal
Z

condition given by (L®R, (-, -}, h), defined in the same way as in [23] Def. 1.3.4.2]

z
using the O ® C-module structure of Vj. The determinantal condition given by
Z

(LR, (-, ),h) and by (LR, (-, -), ho) are the same if h is conjugate to hy by
Z z

some element in G(R)* = {g € G(R) : v(g) > 0}.
We shall denote the set of G(R)-conjugates of hy by X. If we denote by U, =

Centgry(ho) the stabilizer of hy under the conjugation action of G(R), then X can

be identified with the quotient G(R)/Uso. In particular, X has the structure of a real

manifold. Moreover, by (3)) of Lemma the connected components of X can be
embedded as open complex submanifolds of the projective variety G(C)/Py,(C),
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where Pj, (C) is the stabilizer of the totally isotropic complex subspace Py of L ® C
Z

defined by hg. Therefore, X has the structure of a finite union of open complex
submanifolds of G(C)/Py,(C), compatible with its real manifold structure.
Since the n-torsion points of Gy are canonically isomorphic to %L/L for any

integer n > 1, we have canonical isomorphisms &, : L ®7Z 3 TGy and e : Z(l) =
Z
T Gy c matching (-, -) with the Weil pairing e*». (See Remark and the
explicit description of e* preceding it.) The H-orbit of &, defines an integral level
structure oy, 3 of type (L®Z, (-, -)) of (Gr, An, %) for any open compact subgroup
Z

H of G(Z) As a result, if h € X, the tuple (G, Ap,in, o 3) defines an object of
M4 (C), or a geometric point Spec(C) — My.
Let us denote the canonical morphism L ®A> = V G}, induced by &y, by the
Z
same notation. Then, for any h € X and g € G(A*), the H-orbit [é&y, o g]y of
apog: L®A>® 5 VG, defines a rational level structure of type (L®A>, (-, -))
zZ zZ

of (Gy, Ap,ip). In particular, we obtain a map
(2.3.1) X x G(A™) — M§*(C)

of underlying sets defined by sending (h,g) to (Gp, An,in, [&r © g]). (Here the
underlying set of the groupoid M4*(C) is the set of isomorphism classes in it.)

To obtain objects of My(C), let us modify the tuples (Gp, An,in, [&n © gln)
by Q*-isogenies as in the proof of [23] Prop. 1.4.3.3]. By [23, Lem. 1.3.5.2], the

image of g(L ® Z) S LA™ V G}, corresponds to (the target of) a Q*-isogeny
Z Z
f: G — Gy Under the pairing (-, -), we have (g(L ® Z))# = v(g) " 'g(L# @ Z).
Z Z
Then the source and target of the dual Q*-isogeny f" : G = — G} correspond
to the open compact subgroups v(g)~'g(L* ®Z) and L#¥ ®7Z of L& A>®. The
Z Z Z

composition (f¥)"to,o f71: Gy — nyg of Q*-isogenies is positive because A,
is, but it is not necessarily an isogeny. Take the unique r € Q% such that v(g) = ru
for some u € Z. Then we set An,g = r(fY) oA, o f~1, which is a positive isogeny,
namely a polarization. Let ip 4 : O < Endc(Gh,g) be the canonical structure
defined by the O-module structure of g(L<§>Z), and let dy, 4 : L%Z 5 TGy, be
induced by the composition of &pog: L %A‘X’ S VG and V(f) : VG = VG-
Let ay ¢, be the integral level-H structure defined by the H-orbit of &j, 4. Then
(Gh,gs An,g, th,g, b g,2) defines an object of My (C).

The isogeny f : Gp — Gh,4 induces an isomorphism f. : Hi(Gp, Q) =
Hi(Gh,4,Q). The pullback (Idg,,An)* Pg, is isomorphic to an ample line
bundle which determines (by the Theorem of Appell-Humbert) a Hermitian
pairing whose imaginary part is twice of the alternating pairing (-, -). If we set
LY = H{(G4,Z), then the pullback (Idg,, ,>Ang)* Pa, , determines similarly
twice of an alternating pairing (-, ->(g) on LY, and we have a symplectic
isomorphism f, : (L %Q, (-,-)) 5 (LW (§Z§Q, (-, ->(g)) matching the pairings up

to a multiple in QZ,,.
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Lemma 2.3.2. Under the map (2.3.1), two points (hi,g1) and (ha,g2) define iso-
morphic objects in My (C) if and only if there exist elements v € G(Q) and u € H
such that (ha, g2) = (v(h1),vg1u). Hence we have a canonical injection

(2.3.3) Shy; := G(Q)\X x G(A™)/H — My(C)
of underlying sets.
Proof. If (h1,91) and (hg, ge) determine isomorphic objects in M (C), then the

symplectic O-lattices they determine are both isomorphic to some (L, (-, -)’).
The isogenies f1 : G, — Gh, g, and fo : G, = Gh, 4, induces symplectic iso-

mOIphiSHlS (fl)* : (L%Q7<v >) = (L/%Q7<'7 >/) and (fQ)* : (L%Q7<7 >) =
(L/%Qv<'7 '>/)7 so that (fQ)*O(fl)*_l : (L%Q7<a >) :> (L%Qv<7 >) defines an

element v of G(Q). This shows that the Q*-isogeny fa o fi'' : Ghygr — Ghy.go
induces an isomorphism L @R = Lieg, /¢ = Lieg, . /c &£ L®R matching the
7 11,91 2,92 7

complex structures by the relation ho(z)(z) = (70 hi(2) oy~ 1) (x) for any z € C
and x € L ® R, namely hy = y(h1). Moreover, since the H-orbit of &, 4, : LRZ =
z z

T Gh,,g, is same as the H-orbit of the composition of &y, 4, : L ® 73T Gh, g, With
z

T(f20 fih): T Ghy gy — T Ghy.g,, we see that goH = yg1H. Since the converse is
clear, we see that (hi, g1) and (hg, g2) define isomorphic objects in My (C) if and
only if (hg, g2) = (vh1,vg1u) for some v € G(Q) and u € H, as desired. O

2.4. Variation of complex structures. To give meaning to the injection in
Lemma we need to study how (Gh g, Ang,th,g, ®h,g,2) varies with h. For
this purpose, it is convenient to have some local complex coordinates for X by real-
izing it as a complex analytic subspace of some complex manifold. A conventional
choice of such an ambient complex manifold is the Siegel upper half space.

Definition 2.4.1. A Z-submodule Ly of L is called maximally isotropic with
respect to the pairing (-, -) if it satisfies the following conditions:
(1) For any =,y € Ly, we have (x,y) = 0. In other words, Ly is totally
isotropic under the pairing (-, ).
(2) If z € L satisfies (x,z) =0 for all x € Ly, then z € L.

(We shall suppress the pairing (-, -) from the statements when the context is clear.)
Note that we do not require Ly to be an O-submodule.

Lemma 2.4.2. Given any totally isotropic Z-submodule L' of L, we can find a
mazimally isotropic Z-submodule Ly of L containing L'. In particular, maximal
isotropic submodules Ly of L exist (although they might not be O-submodules).

Lemma 2.4.3. Let Ly be a mazimal isotropic Z-submodule of L. Let d = rky Ly
and let {e;}1<i<a be a free Z-basis of Lyi. Then there exists elements { fi}1<i<a of
L%Q such that (e;, f;) = 2mv/—10;; and {fi, f;) =0 for any 1 <i,5 <d.

Lemma 2.4.4. Let us fix choices of {e;}1<i<a and {fi}1<i<a as in Lemma[2.4.3]
Let us also fiz an element € € {£1}. Then the e-polarizations of (LR, (-, -))
z

correspond bijectively to a complex analytic subset of the Siegel half space HY :=
{x € My(C) : "o = z,eImz > 0}.
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Proof. By Lemma any e-polarization h of (LR, (-, -)) defines a complex
Z
structure A(v/—1) on L ® R, or equivalently a group homomorphism i, from L to a
Z
C-vector space V}, inducing an isomorphism i g : L ®R S V.
Z

Since —ey/—1(-, h(y/—1) -} is positive definite, we see that (e;, h(v/—1)e;) # 0 for
any 1 <7 < d. Since (e;, e;) = 0, this shows that (L QZ@R) Nh(v—1)(La QZb]R) =

{0}, and that the C-span of is(Lyr ® R) in V}, is the whole space (by R-dimension
z

counting). We shall interpret this as an isomorphism C®¢ = V sending the i-th
standard basis vector to iy(e;). Similarly, we have an isomorphism C®9¢ 5 V
defined by sending the i-th standard basis vector to ip g(f;). This allows us to
define a matrix Qp, in Mg(C) by setting in(f;) = > (Qn)sijin(e;) in Vi.

i<d

1<i<
We claim that €2, is an element of Hj. Let us define matrices A, B, and C in

Mg4(R) by writing A := ReQy, B :=ImQy,, and 27v/—1 Cj; := (e;, h(v/—1)e;), for
any 1 <i,j < d. Note that eC is (symmetric and) positive definite. Then, for any
1<i<d, wehave f; = [Air + h(vV/—1)Biglex in L ®R. From

k Z

271'\/—71 (Sij = <ei7fj> = <€i7 Z [A]k + h(\/jl)Bjk]ek> = 271‘\/: Z Cik:Bjkn
k k

we obtain I = C'*B, or B = *C~!, showing that B is symmetric, and that e Im §), =
eB > 0. From

0=(fi, f;) = O _ [Aix + H(v=T)Bixler, Y _ [Aj + h(V=1)Bji]e)
% 7
=2mv/—1 Z [AikCri ' Bij — BiCri " Ayj] = 2nv/—1 (Ai; — YAyj),

k,l

we obtain A — A = 0, showing that A and hence Qj, are symmetric. This justifies
the claim.
Using the basis {e;}1<i<a and {f;}1<i<a, we can describe L ® Q as Q¥4 g Q%4
== == z

and hence L ® C as C®¢ @ C®<. Then the matrix €2, determined by h allows us to
Z
identify Py = ker(L® C — V4,) (by C-dimension counting) with the C-span of the
Z

vectors {(vi,v!)}1<ica in C®4@CP?, where v; is the column vector with entries
{=(Q%):; }1<j<d> and v is the i-th standard basis vector of C® ¢, for each 1 <4 < d.
This gives a holomorphic embedding of Hf into the projective variety parameterizing
totally isotropic subspaces of C-dimension d in C®¢@ C®<. By choosing a finite
Z-basis of O over Z, the condition for such subspaces to be invariant under the
action of O can be described by finitely many algebraic equations. As a result,
we see that the collection of e-polarizations of (L %R, (-, -)) corresponds to points

of a complex analytic subset of H§, identified locally as a complex submanifold of

G(C)/Pp(C), where P, (C) is the stabilizer of the totally isotropic complex subspace

Py of L ®C defined by h. |
Z

Corollary 2.4.5 (of the proof of Lemma [2.4.4)). Using {is(e;)}1<i<a as a basis
of Vi, the Hermitian pairing Hy, : Vi, x Vi, — C defined by h is identified with the
Hermitian pairing C®4 x C®4 — C: (z,y) — 27 ta¢(Im Q) " 1y.
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Proof. This is because Hy(in(e;),in(e;)) = —v—1{e;, h(v/—1)e;) = 21 Cj;. O

Now let us consider the tuple (Gh g, An,g,0h,g: Qh,gn)- By construc-
tion of the Q*-isogeny f : G — Ghg, there is associated an O-lattice

L9 .= H,(Gh,g), together with a pairing (-, ~>(g), such that the symplectic
O-lattice (L9 @Q, (-, '>(g)) is canonically isomorphic to (L®Q, (-, -)) under
Z Z

f.. We shall identify L) with an O-lattice in L® Q, and identify (-, -)'? with
Z

r(-,-), where r € QX is such that v(g) = ru for some u € 7, so that the
Q*-isogeny f : Gy, — G 4 can be identified with V},/L = Vi/L9).
Let L%ﬂ% = LW N(Ly1 ®Q). By definition, L(g)/Ll(\fﬁ is torsion-free and can
z
be identified with a submodule of (L/Lyi) ® Q. Using {in(e;)}1<i<q as a C-basis
- <i<

of Vj,, we have isomorphisms V; = C®? and hence Vh/ih,R(Ll(\f][%) = Lﬁ%@@x
Z

is an algebraic torus over C. The elements {fi}i<i<q define a split-
ting of L®Q — (L/Lyi)®Q, which might fail to induce a splitting
Z zZ

of L9 — L/ Ll(\fﬁ in general. = However, they do define a morphism
L(g)/Ll(\% — L%Z% (}2 C* :z— e(2mv/—1Qp(x)), which varies holomorphically with

h. Therefore, Gy, , = C®4/[ = (Ll(\ﬂ} ®(CX)/(L(9)/L1(\%) defines a family of abelian
Z
varieties varying holomorphically with h.
Let (L¥9)# be the dual lattice of L9 with respect to (-, ->(g), and let
L)y = (L) N(Lan @ Q). Since (-, )P = r{-, ) is Z(1)-valued, (L)

contains Ll(\f’[%, and (L(g))#/(L(y))ﬁI is torsion-free and can be identified with
a submodule of (L/LMI)(§Q containing L(g)/Ll(\%. The polarization A, is by

definition induced by sgn(h) times the identity morphism V}, — V3, and hence the
polarization A, , = r(fY)"' oA, o f71 is also induced by sgn(h) times the identity
morphism V;, — V},. By taking quotients by Ll(\fg and (L(g))ffH respectively, we
obtain an isogeny Ll(vg[% %CX — (L(g))ﬁl Qzé(CX of algebraic tori over C. By taking

further quotients by L(g)/Ll(\;q[% and (L(-‘]))#/(L(g))ﬁI respectively, we obtain Ap 4 :
Gy = (L[ @ CY/(LO/L) > Gy = (L) @ CH/(LO)* /(L))

varying holomorphically with h.

The remaining structures i 4, the Lie algebra condition, and «y, 4% vary holo-
morphically, because they are locally constant in nature (on top of (Gh,g, An,g))-
This shows that the tuples (G g, M. gs th,g, Qth,g,2¢) are fibers of a holomorphic fam-
ily over X x G(A*>)/H.

2.5. PEL-type Shimura varieties. Let Xy be the connected component of X
containing hg, and let G(R)g (resp. G(Q)o) denote its stabilizer in G(R) (resp.
G(Q)). Then G(R)g (resp. G(Q)o) has finite index in G(R) (resp. G(Q)).

Lemma 2.5.1. The canonical map G(Q)o\Xo X G(A*®)/H — G(Q)\X x G(A>®)/H
is a bijection.
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Proof. The surjectivity of the map follows from density of G(Q) in G(R) (and
by transitiveness of the action of G(Q) on X). If (yx1,7¢91) = (z2, gau) for some
x1, T2 € Xo, 7 € G(Q), and u € H, then v € G(Q)o, and hence (x4, g1) and (x2, g2)
define the same double coset in G(Q)o\Xo x G(A>)/H. This shows the injectivity
of the map. O

By [0, Thm. 5.1], the cardinality of the double coset space G(Q)\G(A>)/H is
finite. Since G(Q)p is of finite index in G(Q), this shows that the double coset
space G(Q)o\G(A>)/H is also finite. Let {g;}icr be (noncanonically) a finite set
of elements in G(A*°) such that G(A>®) = [ G(Q)og;H. Then we have

i€l

Shy = G(Q)\X x G(A%)/H = G(Q)o\Xo x G(A™)/H

(2:52) =TT G(@0o\Xo x(G(QogiH)/H =[] TW)\X,
iel i€l

where T'(99) := (g;Hg; ') NG(Q)o, because yg;H = g;H if and only if v € g;Hg; '
Each of the groups I'9!) is an arithmetic subgroup of G(Q), because G(Q) is of
finite index in G(Q), because g;Hg; * is commensurable with G(Z) by open com-
pactness of #, and because G(Z) N G(Q) = G(Z). Therefore, its image in G*4(Q)
is also arithmetic. (The action of I'9%) on X factors through its image in G*4(Q).)
By [, 10.11], we know that each of the quotient T9)\ X, has a structure of the
analytification of an irreducible normal quasi-projective variety over C. This allows
us to identify Shy with the analytification of a quasi-projective variety Shy a5 (By
abuse of language, varieties in this article are not necessarily connected.)

Remark 2.5.3. There is nowhere we need (G ® Q, X) to be a Shimura datum.
Z

Assumption 2.5.4. We shall assume from now on that H is neat. (See Definition
1.1.3])

Remark 2.5.5. Assumption is made only for simplicity of exposition, so that
we can work with fine moduli spaces. Statements for non-neat level H can be
obtained for coarse moduli spaces by taking quotients by finite groups.

Then g;Hg; ! is neat for every g;, and hence (as already mentioned in Remark
I'9) is neat in the sense of [§, 17.1]. In particular, the action of T'9:) on
Xo has no fixed point. This shows that the action of G(Q) on X x G(A>)/H has
no fixed point, and that the holomorphic family over X x G(A>)/H with fibers
(Ghy Ay in, [Gn 0 g)3) descends to a holomorphic family (Ghol, Ahol, thol, [Ghol © g]# )
over the (nonsingular) quasi-projective variety Shy = G(Q)\X x G(A*®)/H. We
would like to show that this family is algebraic. That is, it is isomorphic (as a
complex analytic space) to the analytification of an object of My (Shy aig).

By Theorem My has the structure of a nonsingular quasi-projective va-
riety over Spec(Fp), carrying a universal family (G, \, 4, ay). The reflex field Fy
is by definition a subfield of C. (See [23, Def. 1.2.5.4].) Let us denote the pull-
back of (G, \,i,a31) = My to C (under the canonical homomorphism Fy < C)
by (Gc, Ac,ic,an,c) — Myc. The fiber (G, As,is,9,5) over each point s :
Spec(C) — My ¢ determines a PEL-type (’)%Q—module (H1(Gs,Q), (-, )a., ho)s

where (-, -}, is the pairing induced by As. The isomorphism classes of such
PEL-type O ® Q-modules are locally constant. Let My c,rgq denote the open
Z Z
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and closed subscheme of My ¢ consisting of the connected components over which
(H1(Gs,Q), (-, - )., ho) is isomorphic to (L®Q, (-, -),ho). Then My crgo is a
Z Z

nonsingular quasi-projective variety over C. By abuse of notation, we shall denote
the pullback of the universal family by (Gc, ¢, ic, an,c) = Mu ¢ 1 @ @, and denote
Z

its analytification by (Gan, Aan, %an, ®2,an) = M2.an,L ® Q-
Z

Lemma 2.5.6. There exists a holomorphic map F : My an 1 9 9 — Shy such that
Z
(Gana)\anaian;a’;‘-{,an) — MH,an,L%)Q is the pu”baCk Of (Gh017)\h017ih017a7{7h01) —

Shy, (as complex analytic spaces) under F'.

Proof. For any s of My an 1@ @, the fiber (Gs, As,is, an,5) Of (Gan, Aan, tan, @2¢.an)
Z

over s determines a PEL-type O-module (H; (G5, Q), (-, - )a., hs). By definition of
M7 an,L ® @, there exists a non-canonical isomorphism (Hi(Gs,Q), (-, - )a,, hs) =
VA

(L®Q,{-, -),ho). Therefore, there exists some point (h,g) of X x G(A>) such
z

that (Hl(Gsvz)v<'7 '>Asvhs) = (L(g)’<.7 '>(g)7h)a and hence (GS7>\SaiS7aH,S) =
(Gh,gs Angyth,g, 31,h,g). Since the isomorphism class of (H1(Gs,Q), (-, -)x,) is

s

locally constant, the choice of g can be made locally constant on My an . g . For
Z
points s in a connected and simply-connected analytic open subset of My an,7. ® Qs
Z

if we fix the choice of g, then we can take h to vary holomorphically with s, because

the family is the analytification of an algebraic family. The local assignment of

(h,g) € Xx G(A) is not unique, but the induced local assignment with image in

Shy is unique by Lemma Thus the assignments over analytic open sets patch

together and determine the desired holomorphic map F': My an 9@ — Shy. O
Z

By [9, 3.10], any holomorphic map from a quasi-projective variety to Shy is the
analytification of a morphism of algebraic (quasi-projective) varieties. Therefore,
F is the analytification of an algebraic morphism Fiiz : My ¢, 9@ — Shy,alg. By

Z

Lemma the algebraic morphism Fjj, is a bijection on C-valued points. Since
both its source and target are nonsingular varieties, this forces Fj, to be an iso-
morphism. Since the map between the total manifolds G, — Gho is bijective and
uniquely determined on the projective fibers over C-valued points of the (isomor-
phic) base manifolds, this shows that (Ghol, Ahol; %hol, @31,ho1) — Shy is uniquely
isomorphic to the analytification of the pullback (Galg, Aalg, %alg, 0 alg) — Shagalg
of (G(c, Ac, ic, aH’c) — M’H,C,L%Q under FaTgI
Definition 2.5.7. The PEL-type Shimura variety defined by (L, (-, -}) is the above
quasi-projective variety Shy a1 over Spec(C), embedded as an open and closed sub-
scheme of My c.

Remark 2.5.8. Some Q-simple factor of the group G4 %Q might have compact

R-points. This might seem unpleasant, because then our PEL-type Shimura va-
rieties might not qualify as Shimura varieties according to some definitions in the
literature. (See for example [I3] (2.1.1.3)].) However, such definitions (in the litera-
ture) are unnatural for the study of compactifications of Shimura varieties, because
zero-dimensional boundary components always appear.
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2.6. Classical theta functions. For each pair (h,g) € X x G(A*), let us define
Lpg = (Idg, ,,Ang)* Pa, ,, an ample line bundle on G}, 4 such that Az, =2\ 4.

As in we shall identify L(9) with an O-lattice in L ® Q, and identify (-, ->(g)
Z

with (-, -), where r € QX such that v(g) = ru for some u € Z, so that the
Q*-isogeny f : G, — Gp, 4 can be identified with V;,/L — V3, /L), Set

Hig(@,9) i= (0,)* = V=T (2, h(vV=T)y) " = rHa(a,y).
Then the line bundle £}, ; can be realized as the quotient of V}, x C by the action
of L9 defined by sending I € L) to the holomorphic map
Vi xC =V xC: (z,w) — (x4, we(§ sgn(h)Hp ¢ (1, 1) + sgn(h)Hp 4 (1, 2))).
Using {in(ei) }1<i<a as a C-basis of Vj,, we can identify V}, with C®¢, and identify
Hy 4(z,y) = 2mr '2(Im Q) "y
for x,y € C®? as in Corollary Note that this function may not vary holo-
morphically with h for general x and y. A classical way to deal with this situ-
ation is to introduce the following (noncanonical) realization of the line bundle
Lh,g. Let By 4 : Vi x V), — C denote the symmetric C-bilinear pairing such that
Bh.g(x,y) = Hp g(x,y) for any z,y € Lyr. Then
Bhg(w,y) = 2mr 'a(Im Qy) 'y,
and hence
(Bh,g — Hn,g)(@,y) = 2mr " (z — 2°) (Im Q) "'y,
for z,y € C®4. If we write = 21 + Qp,(22), where z1, 25 € Ll(\% ®R, then we
zZ
obtain
(Bh.g — Hp.g)(2,y) = 47/ =17 (Im Qp (22)) (Im Q) "ty = dmv/—1 7 'z0y.
This shows that:
Lemma 2.6.1. The perfect pairing (-, ->(g) o LW x(LOY# — 7(1) induces a
prefect pairing (-, >1(\f7[% : Lﬁ% x((L(g))#/(L(g))l\#/H) — Z(1). By abuse of notation,

we shall denote base extensions of this pairing by the same notation. For |l €
(L9O)Y# the group homomorphism

& L%\% %C =C%! 5 C* 12— e((Bny— Hny)l,z))

satisfies

&(x) = e((z, 1))
Hence, we have & = &40y, for any byx € (L), and &(x) = &(x + hw) for any

Ivr € Lﬁ%. The assignment [ — & induces a group isomorphism
(L)# /(L) iy = Hom(Lif & €, C)

where the target is the character group of the algebraic torus Lg\i% ®C* over C. We
Z

shall denote & by & if | is the image of | under the canonical surjection (LNH# -
(L@)Y# /(L@ .
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After the holomorphic change of coordinates
Vi x C = Vi, x C: (z,w) = (z, we(—3 sgn(h) By 4(z,2))),

the line bundle £y, ; becomes the quotient of V}, x C by the action of L9 defined
by sending I € L9 to the holomorphic map Vj, x C — Vj, x C defined by

(2.6.2) (z,w) — (z+1, we(ssgn(h)Hp4(1,1) + sgn(h)Hy 4(1, z))

e(—5sgn(h)(Bhg(z + 1,z +1) — By(z,2))))
— (@ +1, we(—L sgn(h)(Buy — Ha) (1. 1) — sgn(h)(Bug — Hay) (1, 2)).

If 1 € L9, then (Bpy — Huy)(l,1) = (Bhg — Hng)(l,z) = 0 by Lemma [2.6.1

Therefore, any holomorphic section f(x) of the modified line bundle is periodic
under translation by LI(\%, so that

fx)= > créi(w)
IE(L@)# /(L@)

for some uniquely determined coefficients ¢y € C.

For any I’ € L(g)/Lfvg[%, take any representative I’ € L(9) mapping to I’ under the
canonical surjection, we obtain

fla+1) = f(x) e(—} sgn(h) (Bg — Hy o)1) e(~sgn(h)(By g — Hyg)(I',))
= f(x) 5— sgn(h)i’(l/) 672 sgn(h)i’(x)'
Comparing the coefficients of &(z) in
fla+1)= > &z +1) = > e &l') &(x)
le(LW@)# /(L)E, le(LW@)# /(L)E,
and
f(l') g— sgn(h)l’ (Z/) 5—2 sgn(h)l’ (Jf)
= Z = 57 sgn(h)l’ (l/) 51772 sgn(h)l’ (.’E)
le(LW@)# /(L)
= Z Cl42sgn(h)l’ 67 sgn(h)i/(l/) ff(x)a
le(LW@)# /(L)E,

we obtain the relation
(2'6'3> Cly2sgn(h)l! = €I fl_—i-sgn(h)l_’ (l/)

Lemma 2.6.4. Any infinite sum f(x) = > cr &(x) satisfying the
Te(L@)# /(L) ¥,
relation (2.6.3) converges absolutely and uniformly over compact subsets of Vj,.

Proof. By Lemma [2.6.1] if we treat [ and !’ as elements on Lgﬂ% ®C, then
z

€i+sgn(h)f’ (l/) = e(%(Bh,g - Hh,g)(l + Sgn(h)l/’ l/))
If we treat [ and I’ as elements of (L/Ly)® Q, with basis given by {fi}icr, then
Z

we can rewrite the above formula as

gi—&-sgn(h)f’ (l/) = 9(277-\/_71 T t(l + Sgn(h)l’)ﬂhl’).
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Since sgn(h) Im ), is positive-definite, and since
Im(*(1 4+ sgn(h)Qu1") = *(1 + sgn(h)l')(Tm Q)1
= sgn(h) “(31 + sgn(h)l")(Im Q) (51 + sgn(h)l') — sgn(h) *(51)(Im Q) (31),

we see that || Im[?(l + sgn(h)l')Q,1']|| and ||I’||? are comparable up to a constant
ratio when ||I’|| = co. Now the rest of the proof is elementary. O
Corollary 2.6.5. Let {l_(j)}jej be a complete set of representatives of

[(L# /L) / 229/ L)
Then, for each j € J, the infinite sum

Oy(@ = Y &g (D) G0 42 sgnni(a)

leL© /L)

converges absolutely and uniformly over compact subsets of Vi, and defines a holo-

morphic function over Vi, varying holomorphically with respect to h. The collection
{Qﬁfz(m)}jej forms a C-basis of I'(Gh g, Lh ). In particular, we have

dime T(Gh.g, Lng) = [(LO)# /(L)) : 2(L9 /L)) = [3(L@)# : L@]/2,
3. ANALYTIC TOROIDAL COMPACTIFICATIONS

3.1. Rational boundary components. Here we assume that the reader is fa-
miliar with the notion of rational boundary components of Hermitian symmetric
spaces. (See for example the summaries in [4] or [I1].)

Lemma 3.1.1. Let us fix a choice of an element g € G(A>). Let L9 denote the
O-lattice in L®Q such that L9 @ Z corresponds naturally to the O ® Z-submodule
Z Z Z

g(L®Z) of Lo A%, Consider the five sets formed respectively by the following five
Z zZ
types of data on (L, (-, ), ho):

(1) A rational boundary component of Xo (as in [, 3.5]). (For compatibility
with formation of products, it is necessary to include Xq itself as a rational
boundary component.)

(2) An O ®Q-submodule V_o of L ® Q that is totally isotropic under the pairing

Z Z
< Ty T >

(3) An increasing filtration V= {V_; }icz of L ® Q satisfying the following con-

zZ
ditions:
(a) Vog =0 and Vo = LRQ.
Z
(b) Each graded piece Gr', := V_;/V_; 1 is an O ® Q-module. (In this
zZ

case, the filtration V is admissible.)
(¢) V_1 and V_o are annihilators of each other under the pairing (-, -).

(In this case, the filtration V is symplectic.)

(4) An O-sublattice F(_g% of LY, with L(g)/F(_gQ) torsion-free, that is totally
isotropic under the pairing (-, -).

(5) An increasing filtration F(9) = {F(fi)}iez of L9 satisfying the following
conditions:

(a) Fig; =0 and F((]g) =L,
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(b) Each graded piece Ger) = F(_gi)/F(_gi)_1 is an O-lattice, admitting an

splitting e9) arf? = & Gt 3 L), (In this case, the filtration
—i€Z

F(9) js admissible.)

(c) F(_gf and F(_gg) are annihilators of each other under the pairing (-, - )\ :
L@ x LW — 7,(1). (In this case, the filtration F\9) is symplectic.)

(We allow parabolic subgroups to be the whole group, and we allow totally isotropic
submodules to be zero.) Then the five sets are in canonical bijections with each
other.

Proof. As explained in [4] 3.5], the rational boundary components of X correspond
bijectively to the rational parabolic subgroups of G ® Q each of whose images in
zZ

the Q-simple quotients of G® Q is either a maximal proper parabolic subgroup
z

or the whole group. For simplicity, let us call temporarily such rational parabolic
subgroups mazimal. Given any such rational parabolic subgroup of G® Q, the
Z

action of the Lie algebra of its unipotent radical defines an isotropic filtration V
of L ®Q. By maximality of the parabolic subgroup, we see that V is determined
z

by its largest totally isotropic filtered piece. Now the equivalences among the
maximal rational parabolic subgroups and the remaining objects in the lemma is
elementary. [

For each g € G(A™), let L(9) denote the O-lattice in L ® Q such that L) @ Z
Z Z
corresponds naturally to the O ® Z-submodule g(L® Z) of L®A®®. Then the as-
z z z
signment
Voo = V=A{V_}icz
= F@ = (F9) .= v ;N L9}y
=29 = (29 = g FE @ D bien = {97 (Vi @ A7) N(L & D e
defines an injection from the set of rational boundary components of Xp to the set
of fully symplectic admissible filtrations of L %)Z. (See [23], Def. 5.2.7.1].)

The action of G(Q) on X x G(A*) induces an action of G(Q) on {V} x G(A>°).
Definition 3.1.2. A rational boundary component of X x G(A*) is a G(Q)-orbit
of some pair (V,g).

By the explicit definition above, pairs in the G(Q)-orbit of (V,g) define the
same fully symplectic admissible filtration of L ® Z. This induces a map from the

Z
set of rational boundary components of X x G(A®) to the set of fully symplectic
admissible filtrations of L ® Z. However, this map is generally far from injective.
z

For example, if u € G(Z) is an element preserving V_s poo 1= V_o ® A*, then
Q

(V,g) and (V, gu) define the same filtration z(9) = z(9%), For the purpose of study-
ing toroidal compactifications, it is important to distinguish (V,g) and (V, gu) by
supplying a rigidification on the rational structure of V_5. For each given (V, g), let
us define a torus argument &) = (X(g), Y@ ¢ go(;qQ), cp(()g)) for 2(9) as follows:
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(1) X9 := Homg (F), Z(1)) = Homz(Gr™;, Z(1)).

(2) Y0 = G = B /5.

(3) ¢ : Y@ < X9 is equivalent to the nondegenerate pairing
<,’ . >ég) G F

(Q) (9)

x Gt = 7(1)

induced by (-, ->(g) . LW x L@ — 7(1), with the sign convention

< > = ¢ (y)(x).

(4) ¢ Grz(; = HomZ(X(g) 7,7/(1)) is the composition
w 29 e PN
art, 5 Gif, gzsﬂomz(mg)%z,za)).
(5) ¢ Grz(g) Sy ® 7 is the composition
(9) Grol9) (9) S S
ard” S Gl ez3v79eL.
z z

Finally, by Condition [[.2.5]and the fact that maximal orders over Dedekind domains

are hereditary (|29, Thm. 21.4 and Cor. 21.5]), for any (V, g), the associated filtration

F) of L9 is split by some splitting £(9) : GrF(g) 5 L), Each splitting €(9) defines

by base extension a splitting £(9) ® 7: GiF ® 75 L9 ® 7= g(L® Z), and hence
Z

by composition with Gr(g) and g~! a sphttmg 5 . GrZ(g) 5 L®7Z. This defines
Z

an assignment
Vg, 5(9)) N (Z(g)’ 9) 5(9)).

Let us define two triples (V, g,e(9) and (V', ¢, (¢(9))’) to be equivalent if V=V’ and
g = ¢, and define two triples (Z, ®, ) and (Z’, ', §’) to be equivalent if Z = Z" and if
the torus arguments ® = (X,Y, ¢, ¢_a, o) and ® = (X', Y, ¢', ¢’ 5, ¢[) are equiv-
alent in the sense that there exists some pair of isomorphisms (yx : X’ = X, vy :
Y 5 Y’) matching the remaining data. By definition, the equivalence classes
[(V, g,e9))] of triples (V, g,e(g)) correspond exactly to the pairs (V,g) they define
by forgetting the splitting £(9). On the other hand, let us denote by [(2(9), ®(9), §(9)))]
the equivalence class defined by (Z(g)7 o) 5 ), and let us call them the cusp labels
for (L,{-, ), ho).

Now we have the assignment (V,g) +— [(29), ®() §9)] induced by the assign-
ment (V, g,e)) = (2(9), &) §09)), This assignment is still not injective in general,
but will suffice for our purpose.

For any Q-algebra R, let us write V_; p :=V_; % R and Gr‘ii,R =V_;r/V_i_1,R.

Similarly, for any Z-algebra R, let us write F(_gi), R = F(fi) %R and GrF_(;)R =

/F(g)
Fo p/FZi 4

To each boundary component represented by (V, g), the symplectic filtration V
induces a symplectic lattice (Gr'y, (-, -)11), and the associated symplectic filtra-
tion F(g) on L9 induces a symplectic lattice (Gr ,<~, >§g1)) It is clear that

(G @Q. (-, )) = (G ().
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Any h € X defines a complex structure h(v/—1) on L®R, inducing an iso-
z

morphism L(}ZEHR S5 = (L%C)/Ph. Since F(_g;R is totally isotropic, and since

—sgn(h)v/—1 (-, h(v/—1)+) is positive definite, we have F(gz) R ﬂh(\/—l)(F(g) ) =
{0}. Then h defines a (C—linear embedding F(g ) 2. V4, such that the composition

F(;q; h(r) L ® R — Gro R is an isomorphism of O ® R-modules. By abuse of no-

tation, we shall denote the image of the above embeddlng F(g) o.c < Vh as F ;h(c)
Let (F( gh(@)) ={z € LR : (z,y) = 0,Vy € F(_2 h((C)}' Then we obtain an
7 ,

orthogonal direct sum

(3.1.3) (LOR, (-, )= (F9, 0 () pto ) B((F F9 o)t (e

Z —2,h(C) 2 h(C))J_

),

which induces an isomorphism

(3.1.4) ((Fggg,h(@>i,< M) ) S (G g, () R)

h(C))L

of symplectic O %R—modules. Since h(y/—1) preserves F(fl2),h((3)7 the relation

(h(v=1)z, h(v=1)y) = (z,y)
for every x,y € L%R shows that h(y/—1) also preserves (F(ig;’h((c))% As a result,

the restriction of h(y/—1) defines a complex structure on (F@Q) h(c))L, which corre-
sponds by the isomorphism (3.1.4) (and Lemma|2.1.2)) to a sgn(h)-polarization h_1

on (Gr¥ g, (-, )% ), such that

(9) 1 ~ F(9) (9)
(3'1'5) ((F_27h(c)) ) < Ty ” >‘(F(7-‘72>,h(c))L ) h|(F(;q2),h(C))L) - (Gr—l,]Ra < Yy " >11,Ra h—l)
is an isomorphism of polarized symplectic O @ R-modules. If sgn(h) = 1, then
zZ

sgn(h_1) = 1. Hence the triple (Gri?,(-, ->(g),h,1) is a PEL-type O-lattice.
(This is in particular the case for h = hyg.)

Lemma 3.1.6. With notations as z'n [23 Rem. 5.2.7.2] (with h there replaced with

ho here), the PEL-type O-lattice (Gr ,(-, ->(g) (ho)—1) qualifies as a (noncanon-

ical) choice of (Lz(g)7<~, -)Z(g)7hé(g)), so that (Grz(g (0, 1) =2 (Gr F(i)z, (-, )gﬁ))
(9) ~ (9)

and (Gr® g, (-, ). (ho)—1) 5 (Gr™ 1 g (- )9, (ho)—1). (See Remark{3.1.7] be-

low for the justification of notations.) In particular, at any neat level H, the scheme
7(9)
M7 B0 can be identified with the moduli problem defined by (GrF( ), (-, ->(g), (ho)-1)

at a suitable level (H" 1, to be introduced in - 3.4] below).

Remark 3.1.7. The notation (hg)_1 appeared twice in the second isomorphism in

Lemma Nevertheless, their constructions are identical because we have to use

F') , = Homg (X(®) HR,R(1)) = LR to define (hg)-, for (G2 g, (-, )9 in

[23, Prop. 5.1.2.2]. This is why we allow such an identification.



COMPARISON BETWEEN COMPACTIFICATIONS 23

3.2. Siegel domains of third kind. In this section, let us fix a choice of a triple
(V, g,9)) inducing a rational boundary component of X x G(A>). Let F(9) be asso-

ciated with (V, g) as in Let us define the group functor G) by (L&) (. . >(g))
as in Definition [1.1.2] with the canonical identification L ® Q = L(9) ® Q matching
Z Z

G®Q=GY ®Q functorially.
Z z

Definition 3.2.1. With settings as above, let us define the following subquotients
(i.e., quotients of subgroups) of G (R), for any Z-algebra R:

PF<g> (R) = {(p,r) € G<9’<R> :p(F@) = W},

Lo () i= {(p.1) € PO (B) : Gr_o(p) = r1d g and Grglp) = Lo}
Zpo) (R) :=={(p,7) € Ppio : Gr_1(p) = IdGerf) and r = 1},
U (R) :== {(p,7) € Ppey : Gr(p) =1d , so) andr =1},

(p—1,7-1) EGL(f)@R(GrF(Q)

th(y)

) X Gm(R) :
I(p,7) € Preo) s.t. Gr 1(p) =p_randr=r_; ’
(9)
o (p—2,p0) € GLO@R(GT Rr) X GLO®R(GrF )
Gl,F<9) (R) =
A(p,r) € Zpw) (R )st Gr_s(p ) p_ Qand Gro(p) = po

F(g)

( ) P20 € HomO®R(Grg(z,GrF(9) )
Uy ro) (R) == ,
e ) € Upo) (R) s.t. (5(9)) opoeld) = (1 1 pj())
F9) (9)
( ) e HomO®R(GY L,R> Gr 2.1)
P21, P10 (9) (@) | *
Uy ro (R) == X HOYHO@R(GYS,R»GTELR)

1
A(p,1) € Upo) (R) s.t. (€9)"Lopoc® = ( s Z;ﬁ) , some pag

Lemma 3.2.2. By definition, there are natural inclusions U27F<g) C Upe) C Zpo) C
Proy C G and Urw) C P;(g) C Prwoy, and natural exact sequences:

1= Zpy = Preoy — Gh7F(g) — 1,

1 = Uy = Zpo) = Gy — 1,

1= Usre) = Upo) = Uy po) — 1,

1 = Pry) = Proy = Gipa — 1,

1 = Uge) = Priyy = Gppeo — 1.

The symplectic isomorphisms (3.1.3)) and (3.1.5)) define an assignment h +— h_1
from 4-polarizations of (L9 @R, (-, ~>( )) to £-polarizations of (Gr*. i)R7 (-, ~>(9)),
Z

satisfying sgn(h) = sgn(h_1), which is equivariant with respect to the action of the
subgroup Py (R) of G(R) = G9)(R). Recall that X = G(R)hg = G(R)/Us,, where
Us = Centgr)(ho) is known to be maximal compact modulo center. Therefore, by
Iwasawa decomposition, X = P (R) hg. If we set Py (R)o := Pro) (R)NG(R)g
and P (Q)o := Pro) (Q) NG(Q)g, then we have Xg = Pro) (R)g ho. Let us set
XF = Gy r (R) ((ho)-1,8gn(ho)), with Gj, g (R) acting on sgn(hg) by the

signs of the similitudes. Let Xg(g) be the connected component of XF containing
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((ho)—1,sgn(ho)), and let G, g (R)o be the subgroup of Gy, p) (R) stabilizing Xg(g).
Since sgn(ho) is a constant on Xg(g), we shall also write Xg(g) = G50 (R)o (ho)-1
Then we have:
Lemma 3.2.3. The assignment h — h_;1 defines an Pg) (R)o-equivariant mor-
phism
(9)

Xo = Ppar (R)o ho = Xi = Gy 50 (R)o (ho)—1

of complex manifolds (with Pge) (R)g-actions).

The composition of O-equivariant morphisms

e(9) n. 1.
Gi™" 3 L@ e LoR 3i;3 F ey ©F o)) ) 631> G e @ GiT
defines in particular a collection of morphisms
B () Gy - Gy, EP(R) Gy o Gy
)G = Gy, (R Gr§g> G g,
e () Gy 5 G ey e ()G - Gy

By construction, we know:

Lemma 3.2.4. The morphisms Eég)(h) and €(g)(h) are the canonical embeddings,
and 5(192)(h) = 0, all being independent of h. The polarization h is completely

determined by the morphisms h_1, 5(25{)(h), 5&%)(h), and 5(9)(h), together with the
sign sgn(h) that it defines.

It remains to understand how the morphisms % (), €59 (h), and £\ (h) vary
with h, or equivalently with the action of PF(g>(R). By Lemma |3.2.2] we shall
analyze step by step the actions of Us ¢(o) (R), Ugo) (R), Zgo) (R), and Pres) (R).

Lemma 3.2.5. Let us identify both Us ) (R) and {sé%)(h)}hex canonically as
subsets of the group

an
F(9) F(9) F(g))

Homoe (Gre, GrF(g)) — Homp ® r(Gr™, r Gr

and identify both U; g (R) and {(6%‘{)( h), sg‘o (h))}nex canonically as subsets of the
group

F (9) F(Q)

,Grly k) x Home (Grg

CaIL

F(9)

Homg (Gr? GrF_(iiR)

F(9) F(9) F(9) F(9)
= Hom@®R(Gr 1Ry GTo ) X Hom@(?]R(GrO’R ,Grly g).

Then the following are true:
(1) The group Uy o) (R) acts by translations on {5 (h)}hex-
(2) The group Uy g (R) acts by translations on {(521 (h),ag%)(h))}hex.
(3) For each h € X, Ime(g)(h) € Ugpo (R).

Proof. Only (3) is not obvious. We need to show that, if we define (p,1) €

(9)
GLo or(LOR) x G (R) by (9)"topoeld) = ! IImEQZ (h) , then (p, 1) defines
®
Z Z 1
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an element of G(9)(R). That is, we need to show that (pz, py) = (z,y) for any z,y €
L®R. Let us write 2 = 9 (2_s,2_1,20) and y = 9 (y_s,y_1,10). Then pr =
7

5(9)(:10,2 —I—Imsé%)(h)(mo i, x_1,x9) and py = 5(9)(y 9+ Imaéo)(h)(yo) Y-1,Y0). Us-

ing the decomposition (3.1.3)), we write £(9)(0, 0, z0) = @1 +h(v/—1)zo+x3 for some
(9) (FY ) h(c)) , and we write £(9)(0,0,y0) = y1 +h(v—1)y2+y3
for some y1,y2 € F(g) or and yz € (F(_g%)h(c))l. Then Imely) (h) (o) = x5 and
Im e (h)(yo) = yo. Since (F(f% )t = F(fz)’R + (F(gg h(c)) we have
(pr.py) — (w,y) = (£ (Ime3) (h)(29),0,0), £(0,0,30))
+ (90,0, 20), €9 (Im el (h)(0),0,0))
= (w2, y1 + h(V=1)y2 + y3) + (z1 + h(V=1)z2 + 23, y2)
= (2, h(V=1)ya) + (W(V=1)z2, y2) = 0,
as desired. O
Combining Lemmas and we obtain:

Proposition 3.2.6. If we consider Xy as a subset of the set of O-equivariant
complex structures on L ® R, so that Uy g (C)Xo makes sense, then the morphisms

z1,x € FY, or and xzg €

(g9)
Uy 0 (C) Xo = X5 := {(e53)(h), (57 (), %) (1)), h—1)}nexe
(3.2.7) S X5 = {5 (), €89 (B)), h-1) Y hexo
= X5 = {h_1 Y nexo
of real manifolds defined by the assignments
hoes (53 (), (59 (h), €89 (h)), h_y)
= (e (h), €89 (), h_y)
— h_l

make the first morphism in (3.2.7)) a bijection, the second morphism in (3.2.7)) a tor-
sor under Us p(o) (C), and the third morphism in (3.2.7) a torsor under Uy g (R).
3.2.7

We shall denote the second and third morphisms in (3.2.7) by me and w1, respec-
tively. The composition m o mo will be denoted by .

Corollary 3.2.8. There is a canonical Pg) (R)g-equivariant isomorphism
(9)
Uy 0 (C) Xo = Uy () (C) X Uy g (R) X X§

of real manifolds (with Pg) (R)-actions), which is up to a sign convention (and
with reversed order) the isomorphism D(F) = U(F)c x V(F) x F in [2] p. 235].
Under this isomorphism, the subset {Im s(g)( h)}nexo of Usro) (R) corresponds to
the set C(F) in [2, p. 227]. (See also [2, p. 233].) The morphisms amonyg the
connected components induced by our w2, w1, and T in Proposition[3.2.6] correspond
respectively to the morphisms 7y, pr, and g in [2, p. 237].

Lemma 3.2.9. The second projection

Home (GrZ; GrF(Q) )xHomo(GrF(Q) GrF(Q) )%Hom@(GrFm GrFm R)

F(9)
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induces an isomorphism

(Q)

Uy s (R) 5 Homo (Grhy ", Gr¥' ).

Proof. By definition, an element

F(9) F(e) )

&)
(p21,P10) € HOHIO@R(GT 1 Grlo N

(9)
X HOHlO@ R(GI‘O R GI‘F )
2 ,

defines an element of Uj z(,) (R) if and only if there exists (p,1) € Uge) such that

1
()" lopoel) = ( s ng) for some pyg. Suppose z = €9 (z_s, 2_1,20) and
1

Y= 6(9) (y—27 Y-1, yO) Then

>(9) >(9) = (9)

— (p21(y—1), 0) )

— (y—1,p10(20))t7 + (P20(20), 90)S) — (P20(y0), 20) S + (Pr0(0), Pr0(%0)) Y-

(px,py)"" — (z,y P21($71)7y0>;%) + (z_1,p10(%0))1]

F(9)

Since (-, ~>g%) : GrF_(;?R Gr F(R —R(1) and (-, )9 Gri g x Grip — R(1) are
perfect pairings, setting xyp = 0 shows that po; is determined by p1g 1f (p, 1) € Upoy-
P GrF(q) R)s there exists po; such that

(@
(p21(z-1), yo>é%) <~T—1,p10(yo)>g%) — 0 for any z_; € Gr? 1]R and yo € Grz . To

verify that (pa1,pi0) defines an element of Uy ps) (R), we claim that there exists

(9) (@)
Pog € HomO®R(Grg’;§ ,Gr", ; r) such that
Z

F(9)

Conversely, for any given pio in Home (Gry

<P20($0)7y0>g%) - <p20(y0),$0>é%) + <P10($o),P10(y0)>ﬁ) =0

for any ¢, yo € Grgfﬁg. Since char(R) # 2, the alternating pairing (p1o( - ), p1o( - )>(g)
can be written as the difference between a pairing and its transpose. Hence the

claim follows from the perfectness of (-, >(g) GrF(Q) X Grgfﬁg — R(1). O

Corollary 3.2.10. If we equip wfl(h,l) with the complex structure defined by h_1
for every h_y € X , then the torsor m; : XI{(Q) — XF(Q) under Uy po) (R) becomes a

complex vector bundle over Xg(g) such that the translation actions of Uy g (R) on
the fibers vary holomorphically with h_1.

Remark 3.2.11. Corollary |3.2.10| corresponds to the statements in [2, p. 238].
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3.3. Arithmetic quotients. Let us define the following subquotients of ng):

(9) _

%" = T4 APy (Q) = (gHg ™) N Prior (Q)o
(9)

=T NPr» (Q) = (9Hg ) NPhy (Q)o

F'H
Fl9) Z F(9)
F = F n ZF(g) (Q)

&)
F%g ot — image of F " under the homomorphism Pg) (Q) = G, 5 (Q),

FE{W .= image of F "/ under the homomorphism Py, (Q) = Gy, r) (Q),

FF ? L = image of F ’ under the homomorphism P (Q) = G p) (Q),

(9) 1 —
F%g b= .= image of FH "2 under the homomorphism Zg,) (Q) = Gy g0 (Q),

(9) U (9)
FE{ ’ Fq mUF(Q)((@)

(9) (9)
FF ,Usg = FF n U27F(g) (Q)

) )
F%g UL~ image of Fgf 'V under the homomorphism U, (Q) —» Us r0) (Q)

Remark 3.3.1. The groups 1"5_;9) and F;_([g)’Uz correspond to the groups I'r and
U(F)z in [2, p. 248]. However, the group Fg_;g)’l might differ from the group ' there
by the quotient of a finite subgroup that acts trivially by conjugation on Us(C).
Such a difference is harmless in the theory of toroidal compactifications, because the
admissibility of cone decompositions is only determined by the conjugation actions
of the groups on Uy(C).

9) (9)
Lemma 3.3.2. By deﬁmtzon there are natural inclusions FF U2 Fl;g U

(9) (9) 9) (9) (9)
rs Z e’ c F(g) nd I’;_[ U c Ty, ' T, and natural evact sequences:

F(g),Z Fl9) F9) b+
1=Ty " =Ty =Ty — 1,

F(g) U F(Q),/ F(g),h
1 =Ty =15 7 =Ty —1,

Fl9) (9) F(9) |
W —7T

1—=0Iy, " =Ty y =1,

Fl9 ),U F(g),z F(g),l7—
Iy, — Ty — 17, —1

?

(9) (9) (9)
1—>F§{ Uz —>F§_[ ’U—>F§_L Ui 1.

Fl9) ~

Lemma 3.3.3. The splitting €9 : Gr¥ " 5 L9 defines an isomorphism

F(g) ( )/UF(Q) ( ) Gl’F(g) (@) X Gh,F(9> (Q)

(0 () (

mapping FF(Q)/FF "V isomorphically to a subgroup of FF T ngﬁ ot

FF(") L~ FF( 0 The two projections then induce isomorphisms FF( ’ Z/FF =
<ﬁWWWW@W—m$%~WMW$”.m%%zm»mm%

g (9) g _ (g 9)
Fi{((:l)l =17 (>)l and FZ(;)h A Fi:(n)h, and hence the above mapping defines an

. (9) 9 U ~ (O8] @ p
isomorphism lei{(gn)/rzli{(n) FZ( ) FZZ(n) .

contaim’ng
(9) 7 —



28 KAI-WEN LAN

Now we have the following diagram of canonical morphisms:

Xg(g) 2 xl;(g) 1 Xg(g)

quot. by Fl;ig)’UQ
rgig),Uz\Xgm Xli(g) Xg(m

quot. by ngg) U1
T x5

F(Q),h
quot. by I'y,

F(g),h F(g),U (9) F(9)7h F(g),U (9) F(-q),h (9)
I "\ T \XET) —— T, (g, X)) ——— T XE

F(g) N
quot. by I'y,

(9) (9) (9) g
FE.(LQ) \Xg(g) (ngg) /F;g ,U)\(F;y ,Ur \Xl]:_‘<g)) N F;g ,}L,+\XS(J)
F(g),l F(g>,l,7 ~

(For the bottom-right vertical arrow, we use the isomorphism I7, /T, ~
i3.3 )

( ) (@ _ ) (@ D h
(U5, /0505 ) = TS i Lemmal .

3.4. The morphism Fg_;g)’h\Xg(g) — Fﬁf)vh*\xg(g). Let Gr_1 : Preoy = Gy p) be
canonical homomorphism defined by taking Gr_; (and keeping the similitude v).
Let H_1:= Gr_1((gHg ) NPgo) (A®)), H' | := Gr_1((gHg™!) NPl (A%)), and
H” = Gro1((9Hg ™) N(Gpe (Q) x Pl (A>))) for any open compact subgroup
H of G(Z), which satisfy H' ; € H"; C H_;. By the same arguments in there
is a holomorphic family (Anol, Aayyrs €440 P —1,%,hol) OVEr

(9) (9) 00
Shi = G p (Q\XT X Gy g (A%) /H

. @) @)
defined by varying the complex structure h_; on the real torus Gr® i’R / GrF |

(9)
with polarization given by (-, -)11. Let us denote by Mi’fc the pullback of the

(9)
moduli problem M;“ (see Lemma |3.1.6) to C, which is representable by a quasi-

(9) (9)
projective variety. Let us define the subvariety M?—tﬂ,c, L0 of M;’fc using the sym-
Z

plectic O © Q-modules (@™, (-, )9, and denote by (Ac, Aac,iac, 9—13c) —
(9) (&)
Mj{ﬂf@, oo the pullback of the universal family. Similarly, let Mi“g be the fi-
Z

(9)
nite étale covering of M;’* classifying the additional structure (ap(_gQ)’;[, goégq)_f) in-

ducing (@@%7H,¢8?%£) and p_1,3 (see [23| erratum for Def. 5.4.2.6]), and denote
(9) (9) (9)
its pullback to C by My4. Let My, oo — Mife ;oo be the pullback of
Z Z

(9) (9)
I\/I%“‘ — Mi" . Then there is also a tautological pair (@@%:;)C,npé?%ﬁc) inducing

(9)
(4,0(_9%}[,(,0897){) and ¢_1 3.,c over Mi’{c Loo- Then, by the same argument in
: , CLg
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) (9) . . . : i 1

(Ahoh )\Aholv LApory P—1,H, hol) — Shl;{q 1S Unlquely 1som0rph1c to the analytlﬁcatlon
z(9)

of (Ac,AAcylAm‘P 1.c) = Mafe LeQ

Since FF =H NGy pe(Q)o and FF(Q)’h’Jr = H"1 NGy, 50 (Q)o, and since

FF((Q:L)h = Fz((g:l)h o+ = sz:(g;)h for all n > 1 such that U(n) C H, the construction of

(9) g
M;};“ as the quotient of [ Mn" (with the disjoint union running over representa-

tives (Z(g) 3 59 ), with the same (X(9), Y'(9) qS )), in (Zyy, @H,JH)) by H/U(n),
7(9) .q
and the construction of MHH as a quotient of M by T ol = FF 2l , show that
Sh@(g) — FF(Q)’h\X(F)(g) N Sh};-;g()) — FF(Q>’h’+\X(F)(g)

(9) (9
is the pullback of the analytification MH an,L 9T — MH an,L 90 of Mi treq —

(9 F(9) (9 .
M?—uc LQ under ShHg0 Sh,’ Mﬁ*an L®Q Let us (abusively) denote the

pullback of the holomorphic family over ShH by (the same notation)

. F(g) F(g),h7+ F(g)
(Ahoh /\Aholﬂ L Ao W—l,?—[,hol) - ShH,O = FH \XO )

and also by
. (@
(Ah017 )\Ahola ZAhola 80*1,7'[7}101) — Xg ’
the further pullback to Xg(g). Let us denote by

(‘P( ; ”:L hol? “Pég?)-z hot) =

(9)
the pullback of (gp o H.C gogg?)_; c) — MZ”C Leg- By construction, over each h_; €
Z

(9) s ~ y~ ~ . .
XE", the pullback (np(g% Hoh 190 @ég;_t 1) Of (go(gz) “H.hol’ @é?;,)_[yhol) is (up to isomor-
phism) the H-orbit of the canonical tuple ((ga 2), goég)) O_1,h_, g) above the H-orbit

F(9)
©—1,H,h_1,g f ©_11n_, 4. For later references, let us define ShH 0 dlg (resp. Stho alg)

F(g) 7h F(g)
D 7\Xo

@ (@
to be the connected component of Sh%;lg = MH,(C,L o0 (Tesp. ShH,alg = MH’C)L ©0)
Z Z

. . . (9) (9) (9) (9) (9) (9)
whose analytification is Sh%’o =T%, PAXE (resp. Shi 0 =T% o\ KB

. (9)
Lemma 3.4.1. The fiber (An_, g, A, | ,»04, | . P—1.4,h_y.g) over hoy € X§

of (Anol, Ay tApes P—1,H,hol) — Xg(g) can be described (up to isomorphism) as
follows:

(1) Ap_, g is the complex torus Gr™ i R / Gr™ i " with complex structure given by

(9 ()
(2) Aa,_,,  Ang — AL v is the homomorphism GrF_iyR G

GrF(Q) (GrF(Q))#, where (Gr 1 )# is the dual lattice of GrF_(i) with respect
to the pairing (-, - >(g). (We are using sgn(h_1) = sgn(hg) =1 here.)
(3) ia,_,, * O = Endc(An_,,) is the O-endomorphism structure of

(An_1,g:Aa,_, ,) induced by the O-lattice structure of GrF(g).
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(4) ©—12,h 1,9 15 the H-orbit of the canonical isomorphism ¢_ip_, 4
Grli(i)z = T A .4 malching (-, '>§g1) with the Aa, . -Weil pairing of
An_, g (See Remark(2.2.1])

Remark 3.4.2. The fiber-wise description in Lemma [3.4.]] - determines the holomor-

(9)
phic family (Anols AMyors i 4nes P—1,2,h01) — Ly ok, Jr\XF uniquely (up to isomor-
phism). Similarly, the fiber-wise descrlptlon in the paragraph preceding Lemma

9) g
determines (i 2)?-[ hol’ (p(()g7)-[ hot) = Fg—i MXE

3.5. The morphism Fl;g ’h\(ngg)’Ul\Xli(g)) — Fig)vh\xg(”. For each h € Xg, the
isomorphisms (3.1.3]) and (3.1.4]) define a holomorphic exact sequence

(3.5.1) 0— F(fQ)’C — L%R — GrF,(ifR — 0,

(9 . .
where L®R and GrF_iR are equipped with the complex structures h and h_1,
7 :

respectively. If we form the quotient of L ®R by F(_g%, we obtain a holomorphic
zZ

exact sequence

(35.2) 0 T,y(C) := Homz(X@,C*) - G} = (L%R)/FQ{ — Ap_, 4 — 0.

Similarly, if we form the quotient of L ® R by (F(g))f&1 = F(_gl) Q N(L9)#, we obtain
5 ;

(3.5.3)
O—>Tgv((c) = Homz(Y(g),(Cx) th (L®R)/(F(g)) — Ay g 0

Lemma 3.5.4. The holomorphic extensions (3.5.2) and (3.5.3) are canonically
algebraizable.

Proof. We shall prove the statement for (3.5.2)) because the same argument works

for (35.3).

Given any algebraic character x of T}, let us denote by G

h.g.x the push-out of
GELg by —x : T,(C) — C*:

0 —— T,(C) G, Ap_ g —0
|
0 y CX Gl — An_ig——0

Then Gb hogx 1S algebraic over Aj,_, 4, because the cocycles defining it as a Gy,-torsor
also define a line bundle, and line bundles over abelian varieties are uniquely alge-
braizable by [30, §12, Thm. 3]. In other words, it is a semi-abelian variety.

Let {x:}1<i<, be any Z-basis of X9 = X(T,). Then there is a canonical

~

isomorphism GEL’Q =~ ] th v (fiber product over A,_, ) showing that Gi’g
1<i<r
is also algebraizable. This algebraic structure is independent of the choice of the

basis {x;}1<i<r, because for any different Z-basis {X;}1<1<T7 the change of bases

induces an algebraic isomorphism [] Gh = 11 G O
9, X h,g.x;
1<i<r 1<i<r
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Lemma 3.5.5. For any h_; € Xg(g), and any integer n > 1, there exist canonical
isomorphisms
(3.5.6)

F(9)

Home ® r(Gr" R GrF(g) r)/M Hom@(GrF(g)

GrFY) 3 Homo (L X9, 47 | )°

and
(3.5.7)

HomO®R(Grg(;{, F(Q) )/nHomo(GrF( 7 GrF_(i)) 5 Hom@(%Y(g),Ah_hg)O.
Z

(Here the right-hand sides of the homomorphisms are the fiber-wise geometric iden-
tity components of Hom@(%X(g),A}Ll,g) and Hom@(%Y(g%Ahfl’g), respectively,
as in [23, Prop. 5.2.3.8].)

Proof. Suppose f € Hom@®R(GrF_(i?R,G F_(; r). Since (-, ~)é%) and (-, )9 are
Z

. . @) @)
nondegenerate, there exists a unique element f € HOm(g@R(GI‘RR , GrF ®) such
Z

that
(Fla—1)syo)s8) = (w1, Fyo))'?,

(@) (9) . .
for any x_, € GrFiR and yg € Gra%. Let us identify X as a subgroup of

Y@ oQ= GrF(J) by ¢9) : Y9 < X () Then, for each %X € %X(g), the quotient
Z
of GrF_(i)R x C by Gr_1 defined by sending [_; € GrF_? to the holomorphic map
Grf e x C— Grf g x C :

(2, w) = (o + 11, wel(£(1-2), 2x)30)) = (@ 4+ L, we((l-n, “F(0),]))

corresponds (by the theory and conventions set up in 3.) to the point of A) -

represented by tf +x). If f lies in n Home GrF )7GrF , then (f(l_41 X (8) €
1 2 20

Z(1) and hence e((f(l 1), L >(g)) =1 for any 1y € 1Xx( ) Thus the a851gnment
[ Gx— tf(x) 1nduces a well-defined homomorphlsm (3.5.6).

(o) .
Suppose f € HomO®R(GrS(;§,GrFiR). For each ly € lY(g), the quotient of

F(Q)

Gr;
map

g X C by (GrF(Q))# defined by sending [_; € (GrF(Q))# to the holomorphic

F(Q) F(Q

Grf g xC = GrF [z xC: (z,w) — (x+1_1, we((l_uf(%y»igl)))

corresponds to the point of A, | , = (4} ) g)v represented by f(l ). If f lies

in nHom@(GrF(9> GrF(g)) then e((I_1, f( y)>(g)) =1 for any y € Y(9), Thus the
assignment f — ( y— f(s L)) induces a well-defined homomorphlsm

It is Stralghtforward to Verlfy that these two homomorphisms (3.5.6| and -
are isomorphisms.

Lemma 3.5.8. For any x_; € Gr™ l]R and yo € GrOR, we have {(x_ 1,y0>(9)

( (9) (9)
((0,2_1,0), €@ (0,0,50))” = (€D (1), y0)s0 + (71,259 (w0))17 -

Lemma 3.5.9. Suppose h € Xg and w(h) = h_1.
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(1) If n =1, then the two isomorphisms d3.5.6l) and (I3.5.7I) send 76(2%)(h) and
55%)(h) to the extension classes cp 4 and ¢y, , of GE‘W in M and of GZ:E
m , respectively.

(2) If n > 1, let cpp g - %X(g) — Ax_l,g and ¢, %Y(g) — Ap_,,q denote
the image of —6&9)(}1) and 5 (h) under (I3.5.6I) and (I3.5.7I), respectively.
Let o 1nn_yg: ~Grl Fe /G rl 1 — Ay, g[n] denote the canonical isomor-

. (9) L,
phism, and let _1pp_, 4 = GrFi — Ah Lgln] denote the composition of

(9) (9) (9)
F F / GI‘F

¢$Lg) : iY(g) — iX(g) be the homomorphzsm canonically determined by
®\9) . Then these data satisfy the relation

(3‘5'10) CAL_, 4In] (95*17%’1—1,9(%1*1)7 ()\Ah,l,gcx,h,g - cn,h,9¢£zg))(%y))
=e(n{;l-1, 79)10)

the canonical morphzsm 1 Grl; With ©_1nh_,,q- Let

1 1 v F@ 1 1
for every -1y € -~ Gr_y and every Ey € EY(g).

Proof. Since the isomorphisms ) and (| are compatible with the quo-
tients by F( , we have a holomorphlc 1somorphlsm (L ® R)/F(g) &= GrF(g) x Ty(C).

The quotient GEL g = ((L®R)/F(f’2))/ GI'_1 is then 1som0rph1c to the quotient of
: z

F(Q)

Grl, T,(C) by GrF_(i) defined by sending [_; € GrF_(i) to the holomorphic map

F(S’) F(Q)

Gr¥ g X Ty(C) = Gr¥ 1 g X Ty(C) : (z,w) — (x +1_1, w+ 7 (h)(I_1)).

If we push-out T,(C) by —x : T4(C) — C*, we obtain the quotient of GrF_(i?]R x C*
by GrF_(i) defined by sending [_; € GrF_(i) to the holomorphic map

GrF Yy X €% = GF Vg x C = (2,w) = (& + Iy, w e(—(e () (1), >;0)))

This shows that lb maps —eéﬁ)(h) to the extension class of Gh in .
Similarly, the quotient G’v’h = ((L®R)/( Fl )QQ(L( ) ))/(GrF(g )# is isomor-

F< o g X T,/ (C) by (GrZ F ))# defined by sending I_; €

)# to the holomorphlc map

phic to the quotient of Gr;
( GrF( 9)

F(g)

Grf g X TY(C) = Gr¥ 1 g X TY(C) : (w,w) = (2 + 11, w+ e (B)(I-1)).

If we push-out 7,/ (C) by —y : T,/ (C) — (C>< we obtain the quotient of GrF(i?R x C*
by (GIFY)# defined by sending I_; € (Gr*} )# to the holomorphic map

2 X CF 5 G X C - (2,w) o (24 1y, we(—(E () (I_1), y)er)-

By Lemma 358 D () (1), >() + (I, € (g)(h>(y)>§gl) = (Luy)g) € z()

(¢
for I_; € (Gr 1 )# and y € Y9 = Grf Hence e(—(sé‘?(h)(hl)a y>2?) =
e({l_1, €§%)(h)y>§1)). This shows that (3.5.7) maps ag%)(h) to the extension class of

6i*in {53

F(g)

Gr’;

F(g
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Since ()\Ah_bgcx,h,gfcmh,gqﬁ(g))( y) € Ap_, 4[n] can be represented by the point
eD(h)(Ly) — (=19 (1) (Ly)) in L(G"T)#, we have the relation

n
e ol (@-tmhg(F11), Aan_, 0 hg = Cnng®)(21))

(9) (9) (9)
=e(n((Li_1, P )(Ly),| + (X (R)(E11), Ly)ye)) = e(n(ti_s, Ly)(?)
by using Lemma again, which is the relation ((3.5.10). O

9)
By definition, Fu(l)Ul = Uj ) (Z) is equal to

Uy s (R) N (Home (G}, Gr¥'s ) x Homo (Grf*, Gr™' ).

Uy

(9)
For any integer n > 1, I‘Z(gn) is equal to

Upro (R) N ”(HomO(GTF(Q) Gr F(g)) X Homo(GrF(Q) GrF_(g))).

9
Therefore, over each h_; € XF(Q) the fiber of the morphism FF UI\XF(Q) Xg(g)
is canonically identified with an analytlc subset of

Homo(%Y(g), Ap_,g)° X Homo(%X(g),A,thg)o.

This subset is closed by compactness of Uy (o) (R)/U; (o) (Z), and hence is a sub-
variety by Chow’s theorem [24] p. 33]. Moreover, by Lemma this subvariety
lies in some connected component of the fiber product

Homo(%Y(g),Ah717g) X Homo(%X(g),Axihg)o
Homo (5, Ly (9) VAY L o)°

defined by the structural morphisms induced by ¢,(1g) : %Y(g) — %X(g) and Aa, ¢
Ap_yg =AY, as in [23] §6.2.3]. By comparing dimensions, this subvariety is
exactly the connected component. In particular, it varies holomorphically with
h_i. If n > 3, then it descends under quotient by Fi{(a)h to an algebraic subfamily

of the algebraic family of fiber products of abelian varieties. Let us summarize this
as follows:

Lemma 3.5.11. For any integer n > 3, consider the fiber product
C;@g) = Homo(%Y(g),A)o X Homo(%X(g)’AV)o

Hom@(%Y(ﬁ?),AV)O

(9)
of abelian schemes over Mi"g , and let Cq>(g) st be the subscheme of C
fined in [23 §6.2.3]. By abuse of notation, let us denote by C

afp de-
29 59 ¢ the pull-

2 ” 2 o
back of C’(I)gbg>757(lg> — My»  under Shu(n),o,alg — M 7 Q My» . Then the
Z

(9 @ } @
analytic morphism Fzsn)h\( Zz]n’)Ul\XF(J)) FZ(HH’)’L\XF(Q) can be canonically iden-
F(Q)

tified as the analytification of Cg) s ¢ — Shij(n) 0.1y (Mmatching the relation

(3-5.10) with the tautological relation over Cy s ¢ ¢f. 23] Thm. 5.2.3.13 and
§6.2.3]). If we denote by (cn,hol, Cpy no1) the tautological pair of homomorphisms on

T5 (5 U XE ) whose pullback to a point (50 (), &) (), h-1) of X' is
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the pair (cn,n,g, ¢y 1. ,) We have constructed, then (¢ hol, ;1 1,01) i identified with the
analytification of the pullback of the tautological pair (c,,c,) over Cpo) 50 -

For a general neat open compact subgroup H of G(Z), we have a tautological
pair (€3,hol, €y pot) OVer Fig)’h\(Fig)’Ul\Xg(Q)) defined by étale descent from data
defined at principal levels U(n) as above. The precise definitions can be stated
in the same way as in [23, §5.3.1]. Since the action of Fg)/f‘g’()n) 5 H/UR) is
compatible on the analytic and algebraic sides because they are determined by
their actions on the level structures, we obtain:

Corollary 3.5.12. For any neat open compact subgroup H of G(Z), let us define

Coo s
2 549 C

@) ) ()
above. Then the analytic morphism Fg_tg ’h\(FI;_[g ’Ul\X};(g)) — Fg_tg ’h\Xg(g) can be

(9) .
— Sh%,O,alg' Under this

— Sh%(:lg as in [23, §6.2.4; see also the errata] and in Lemma |3.5.11

canonically identified as the analytification of C’(I}(g) 59 ¢
H 9%

identification, the tautological pair (CH’h017c¥{7h01) is identified with the analytifica-
tion of the pullback of the tautological pair (cy,cy,) over Cpo) 500+
H OUH

3.6. The morphism Fzg)’h\(Fg_;g)’U\Xg@) — F‘;Z‘”vh\xg(‘”. For each h € X, con-

sider the semi-abelian variety Gig = (L®R)/F8’1). The abelian variety G 4 =
: Z

(L%@R)/L(g) is by definition the quotient of Givg by Y9 = Grg(g) = L(g)/F(fi.
Therefore the essential datum is the (O-equivariant) period homomorphism iy 4 :

Y9 — Gi,g-

Lemma 3.6.1. The composition of vy 4 with the canonical homomorphism GEL g

Ay, coincides with the homomorphism ¢y ,: Y9 — AY .

Proof. Since the homomorphism ¢, , : V(9 — GEL s =L ®]R)/F(;qz can be induced
: Z
by y +— £9)(0,0,y), its composition with Gi,g — Ay = GrF_(ifR/(GrF_(g))# can

be induced by y +— sg%) (y). Then the lemma follows from Lemma m |

For any y € Y@ and y € X, the image of th,g(y) under the push-out

GEW — Gi,g,x by —x : T,(C) — C* defines a point of the fiber of Giyg,x over
¢ 4(y) € Ap_, 4. Under the identification of the Gy,-torsor Gi’g’x with the point

ch,g(x) of Ax,l,gv this point determines (and is determined by) a section 7, 4(y, X)
of (¢, (1), eng(X))* P!

1:9

Lemma 3.6.2. The collection of sections {Th (Y, X)}yey o) yexto is bimultiplica-
tive and determines a trivialization of Gy, -biextensions

-1

. ~ v * DX
Th,g * 1y x xt00 = (Ch,g X Chog) PAh_l,f

Proof. The linearity in y € Y9 follows from the linearity of th,g- The linearity in
x € X (and compatibility with linearity in Y (9)) follows from the very definition
of push-outs, and from the way we define tensor products of G,-torsors. |
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Lemma 3.6.3. For any ((5291)(h) sg%)(h)) h_1) € Xli"(g), and any integer n > 1,
there exist a canonical isomorphism

(3.6.4) Homg(Gufy , Gr7y ) /n Hom(Grh ", Gify)

5 HOHlG BiExT(1l1 1y (o) x x@, (cy Chhg X Chig)” PA,L_ll J)

F(9)

sending the subgroup Homo g r(Grg , G F(g) c)/nHomo (Ger)
Z

GrF(g)) to the trivi-
alizations of Gy, -biextensions annihilated by (b x Idyxo))*—(Id1y o) x b*)* for every
beO.

Proof. Let us realize liye y xo as Y@ x X xC*  and realize the
Gp-biextension Py, . (rather than as a line bundle) as the quotient of
GrF(Q) GrF(q x C* by the action of Grf, v (GrF_(i))# defined by sending
(I1,12) € GrF(g) (GrF(g )# to the holomorphic map

F(9)

F(g) F(Q)

Grf Vg x Gri ' x ©F = Grf g x Grfp x ©F
(xvyaw) = (I‘ + l17 Y + l27 w e(’Hh71,g(llal2) + %thl,g(llay) + %thhg(l%x)))a

) ( . .
where Hp_, 4 : GrF(g x Gr v g — C is defined by (-, _>§g1) and h_; as in Lemma
2.1.2)
Proceeding as in the proof of Lemma we can realize GEL g, 88 the quotient

of Grli(g)R x C* by Grli(i) defined by sending [ € Gr71 to the holomorphic map

F(Q)

(9)
Grf g xC* — Gt p x C*:

(2,0) =2+ 1, w e(— (D ()1, X)) = (@ + 1, we({l, — (5 (1) ) )).

This corresponds to the point of Ay represented by — t(eggl)(h))(x). However,
as explained in §2.2] this realization differs from the fiber of the above realization of

Pa,_,., at the points of Ap,_, ¢ X A) .,¢ by the holomorphic change of coordinates
Grf g x CF = Grf g x CF : (z,w) = (w,w e(=LHy, | (=12 (1) (x), ).

Suppose we have any f € HomR(Grgf];), Ger c)- Then the bimultiplicative mor-
phism
Ly @ x X@ x C* - Grf | g x Gr¥y g x C*
(2y.x,w) = (e&%ﬁ(h)(ny), " ()00,

wel(f(2y), )\D) e( Hy_y o(~ (=5 (1) (), 288 (h)(29))))

F(g) F(Q)

induces a morphism
v
1%}/(9) x X(a) = (Cn,h,g X Chg)" PAh Lo
of Gy,-biextensions (which is then automatically an isomorphism).

If f lies in nHom(GrF(g) GrF(g)), then (f(Ly), X>(g) lies in Z(1), and hence

e((f(y), X>(g 1 for any y € Y(g and y € X9, Thub the assignment above is
well-defined and induces the des1red homomorphlsm . It is straightforward
to verify that the homomorphism (3 is an 1s0morphlsms
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If f lies in HomO®R(Grgff§ , GrF( ) r); then the relation
Z

(FOLy), 08 = (bf (2y), 0\ = (F(Ly), 0" X))

shows that the trivialization of G, -biextensions defined by f is annihilated by
(bxIdx)* — (Id1y g x b*)* for every b € O, as desired. O

Lemma 3.6.5. For any h € Xy and any xg,yo € Grgfg, we have

(9)
(20, y0) &) = (€19(0,0,20),£9(0,0,40))

— (9 () (o) o)y — (€9 (1) (o), o) + (£49) (20),€%9) (o).

Proof. Simply substitute (9 )(0 0,29) = x1 + h(v/—1)z2 + x5 and 5(9)(0 0,%0) =
Y1 + h(v/=T)ys + ys for some 1, 22,y1,y2 € FY) ; and x5, y5 € (F Q)h((C))L' 0

(g)

Lemma 3.6.6. Suppose h € Xq is mapped to (eg%)(h), (Eggl)(h),eg%) (h)), h_1) in
Xg(w‘
(1) If n = 1, then the isomorphism lb sends 6(9)(11) to the trivialization

Th,g defined in Lemma [3.6.2}
(2) If n 2 1, let Tnyg @ 11y x x0) = (. Xchvg)*Pz%h__ll,g denote the

image of Eé%)(h) under l) Then T, .4 satisfies the relation
(3.6.7) Tog (20,69 (1) Tung (25,09 (1) ! = e(n(Ly, 1))

for every 5y, 53/ € %Y(g), where the left-hand side denotes the image of
Tnyh’g(%y, 9D (Y)) @ o g(%y’7 9 ()~ under the canonical morphism

(e ng (59 cng (B WN) PE @ (e ng(3y)seng(09 W) Pay_,, = C,

g

induced by the canonical symmetry of

(nyh,g X(Ch,g¢(g))) 73@[11 B = (Cx,h,gvquz,h,g)*(IdAh,l,g X )‘Ah,l,g) PAh e

Proof. The construction of 75, assigns to any y € Y the point of

(9) (@
GEng represented by (5&%)( ), ((sé%)(h)(y),x>20 ) € Grfi g xTy(C). As

in the proof of Lemma [3.6.3] this corresponds to the section 74 4(y,x) of
(ci o (y) X cng(X))* 73%;1 , represented by the point
’ ! —1>8

9 () (Ly), — (59 (h)(x),
(e (1) (L), )o)) e(— S Hi_, o(— (8 (1) (6,88 (1) (29))))

of GrF( Y % Gr F<1 g X C*. Therefore, the trivialization 7, 4 determined by the sec-

tions {Thyg(y, X)}yev o, X€X<q) agrees with image of s(g)(h) under .
To verify the relation , let us first replace the representative

L m)(Ly), - <eéﬁ><h>><y>,
(e (W) (1), 1)) e(= Ly, o(— D ()W), 80 (1) (L9))))
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of the section 7,4,4(Ly 09 (y)) of (cx’h’g(%y) X cng (99 (y'))* 79%}:11‘9 with

) (Ly), M),
(D) (1), 1)) e(=LHi , oD ()W), 58 () (1))

Then, by switchlng y and ¢’ in the above expression, we obtain a representative of
the section 7,54 (2y’, 9 (y)) of (cY g Lo/ X e g (69 (y)))* Pfh__lm. With these
realizations, the canonical isomorphism

(4 g (20 en gD WN) PR 5 (el (20): cng (00 @) PE .

29

induced by the canonical symmetry of (cy , ., ¢y, ) (Ida, X A4, )* PAh ,
—1 —1 .
is simply

(55 (1) (), 218 (M W), w) <e§%><h>< y). 1 () (y), w)
for every w € C*. Therefore, the relation is reduced to the verification that

e <<s§%><h><ny>,y’>§?>e<—%Hh,1,g<s§%><h><y> 9 (h )(% )]
(0 () (24), )y e(—LHn_, o (=80 () (9), €8 (k) (2y/))) |1
= e((E () (Ly) ) — (D )Ry ) + s () (Ry), e () (L))

— e(n{ly, 1)),

which is valid by Lemma [3.6.5 O

Lemma 3.6.8. For any Z-algebra R, the elements pao of the group Us peo) (R) (as

(9) (9) . .
a subset of H0m0®R(Grg R,Gr‘i2 r)) corresponds canonically to pairings
g , ;

D3 (Y(g) ® R) x (X(g) ®R) — R(1)
Z

satisfying the condition that phy(y, 9 (y")) = pio(y', ¢ 9 (y)) and piy(by,x) =
Pao(y,b*x) for any y,y € YW @R, x € XD @R, and b e ODR.

Proof. Suppose we have pay € Homp g R(Grgfg , GrF_(;?R). Let p € Endo g r(L ® R)
Z Z

N

be the element such that (¢(9))~1opoel® = (1 1 pio). Let us define p5,(y, x) :=

X(p20(y)). In order for p to preserve the pairing (-, ~>(g), we need to show for any

z=¢eW (2 9,2 1,20) and w = €9 (w_y,w_1,wp) in L9 @ R that
Z

(9) (9) _ (9)

0 = (pz,pw) = (p20(20), wo) g
= p3o(20, 09 (wo)) — pho(wo, 9 (20)).

In order for p to preserve the O-structure, we need pog to be O ® R-equivariant,
7

(9)

—{z,w) — (p20(w0), 20) 5

which is equivalent to the condition that p5,(by, ) = p5,(y, b*x), because the action
of b€ O on FY ) defines the action of b* € O on X9 = Homg(F (_2),2(1)). Thus,

the condition for (p,1) to define an element of G (R) is equivalent to the two
conditions in Lemma [3.6.8 O
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Let us define for any integer n > 1 the abelian groups

(19 (9) y®¢(y’) —y'®¢(y)
(3.6.9) S = (& )‘%X )/ ((b,ﬁy)®x — (+y) ®(b*x) ) ya/ey®
xeX9 beO

o - (See [23, (6.2.3.5) and Conv.

6.2.3.26].) For a general torus argument @gj) = (X,Y, 0, p_2u,%02) at level H,

there is a recipe in [23, Lem. 6.2.4.4] that gives a corresponding free abelian group
(9 (9)

S@%), such that HomZ(S¢5Lg)/S¢§3),Z(1)) = F;g ,Uz/pi{é’n)% when U(n) C H for

some integer n > 1.

and set Sy o) 1= S'(b;g)?free, the free quotient of S

Corollary 3.6.10. There are (compatible) canonical isomorphisms:

9 U ~
U2 F(g)(Z) Flli{(l) 2 Homz(ségg),Z(l)),

F(9) Us ~
L)

(g
FL Uz Homy (S 4, Z(1)), any level H,
H

= Homgz (S, Z(1)), any integer n > 1,

can. can.

(9) ~ (9) ~
FI;_LQ ’UQ\UQ’F(Q)(C) — Fg{g U2 %CX = HOmz(S(I)(;Z),CX) — Ecpgj)((C).

The canonical action of Ug g (C) on Xg(g) defines a holomorphic action of

E(I)(g) (C) on FF(Q) U2\XF(Q) — XE(Q), which is transitive and faithful on each fiber,
(g 9) g g) (g g .
and descends to I'}, : h\(I’g_; U\ XE )) — I’g_; ’h\(I‘g_L )’Ul\Xli( )) when H is neat.

Lemma 3.6.11. For any integer n > 3, let E(b(_q) 5@ be the E@(g>—t0rsor over

Cyto) 5o defined in [23, §6.2.3]. By abuse of notation, let us denote by =

Dy @(9) 5‘579) C

- 20 20
the pullback of Epo) 5 = Cq>;?),5g?) — My under Shu(n) 0,alg Mmc L12Q —

(9) (9 (9 v (9 )
MZ" . Then the analytic morphism FZé]n’)h\(F;EJn’)U\Xg( )) ;(9 )h\( an’)Ul\Xli(g))

can be canonically identified as the analytification of Ep@ 5 c C‘I)(g) 5@ ¢
(matching the relation 1D with the tautological relation over Etb(q)’é&q),c; cf. 23,

(9) (9)
Thm. 5.2.3.13 and §6.2.3]), realizing the action oqu)@ (C) on Fz(n)h\(le(Tl’)U\Xg(g))
as the analytification of the Eq)(w -torsor structure of Epw) 50 ¢ = CcI)(g) PR If

we denote by T, no the tautological datum on F;:?;)h\(FF(g))U\XF(Q)) whose pull-

back to a point (5;%)(h) (ségl)(h) sg%)(h)) h_1) of X§ “ s the datum Tn,h,g We have
constructed, then T, no1 s identified with the analytification of the pullback of the
tautological datum T, over Ep) 50 -

As in the case of (¢ hol, cqv{ hol)s for a general neat open compact subgroup H

of G(Z), we have a tautological datum over F \(Ff)’U\xg@) defined by étale
descent from data defined at principal levels U/ ( ) as above. Then we obtain:

F(9) p

Corollary 3.6.12. For any neat open compact subgroup H of G(Z), let us define

E<1>§f),5§j>,<c — C<I>§§’>,6§f),<c as in [23, §6.2.4] and in Lemmal3.6.11| above. Then the an-

(@) (9 @ (@)
alytic morphism I‘l;_[g ’h\(F;g U\XE?) F;g ’h\(I‘g_tg UNXE) can be canonically



COMPARISON BETWEEN COMPACTIFICATIONS 39

identified as the analytification of = — ch@) 59 ¢ realizing the action of
H O

&9 59 ¢
H 9
(9) (9) (9) . .
E<I>§§>(C) on I‘l;_t ’h\(I‘; U\XEY as the analytification of the E
ture Of ‘:@(95)75%)7@ — Cfbgj),&gf),((:'
Ti,hol 15 tdentified with the analytification of the pullback of the tautological datum
T OVET E(b(g) 6(9)'
H OOTH

e -torsor struc-
H

Under this identification, the tautological datum

3.7. Toroidal compactifications.

Lemma 3.7.1. If h € X, then G, g (R)(Im sé%)(h)) is the subset of elements pao
in Us peo) (R) that correspond under Lemma to pairings

P (YW @R) x(XWeR) = (Y@ @R) x(Y® @R) — R(1)
Z Z Z Z

such that —/—1 p3, is positive definite. (We are using sgn(h) = sgn(hg) = 1.)

Proof. With notations as in the proof of Lemma [3.6.5] we obtain

(9) (9)
—V=T (Imelf) (1) (o), yo)zg = —v/=T (w2, 91 + h(V=T)y2 + ys)g
= V=T (w2, h(v=T)) ",
which is symmetric and positive definite. Since G, ) (R) acts on the pairings in
U, r(o) (R) by automorphisms of Y (9 @R, the action is transitive on positive definite
’ Z

pairings by the classification of real positive involutions in [21] §2]. |

Corollary 3.7.2. For any H and any R-module isomorphism R(1) — R sending

V=1 to a positive number, the isomorphism U, g (R) = Homg(S ), R(1)) —
1

(Sq)(g))nve induced by the isomorphism Ug o) (Z) = I‘Z((gl))’% o~ HomZ(S(b(g),Z(l)) mn
H ’ 1

Corollary |3.6.10, maps the subset {Im eé%)(h)}hexo of Us po) (R) to the cone ngf)

of (S@g>)R defined in [23), §6.2.5].

Corollary 3.7.3. Any compatible choice of admissible smooth rational polyhedral
cone decomposition data ¥ = {Ea, o, = {Za, = {0j}jes,, toy for My in the

sense of [23, Def. 6.3.3.2] determines for each g € G(A*) a Fgf)—admissible collec-
tion ¥(9) = {0} ;e for Xo in the sense of [2, p. 252]. Consequently, the quasi-

tor

projective variety F%)\Xo has a smooth toroidal compactification (ng)\Xo) (o) for
every g € G(A®) by the main results of 2, Ch. III]. Using the disjoint union (2.5.2),
we obtain a smooth toroidal compactification Shg_zrz by forming the disjoint union

v t
of toroidal compactifications (ngf)\xo);fgi). We shall denote the corresponding
tor

algebraic space over Spec(C) by Shyy's, o,

Remark 3.7.4. In the adelic setting, the collections of admissible cone decomposi-
tions accepted by [27] (in the pure case), by [I8], and by [23], are slightly different
from each other. Nevertheless, for each given collection of admissible cone decom-
positions (that is accepted by any one of these works), there exist a refinement that
is accepted by all of these works.
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Let us fix a choice of ¥ = {¥o,, }a, = {Za, = {0j}jcss,, }o, for My, which
determines a Fgfz)—admissible collection X(9) = {o; }iegt for Xo in Corollary
Let o € X () be a particular cone in Pg(g). Then we have an identification

H H

E (5 (©)
@) p @y () k1 ~ =
(3.7.5) (Fg_[ \(1—‘1;_[ \Xg )) X Eé%’(c)(o)_>:<I>§§’),6§f>,an(0)’
where E‘?g{g%é;{g)’an(a) is the analytification of the pullback Eq)g{g)’é%)’c(a) of

- z{ F@) 249 z{9)

:¢gj)7§§f)(0) — C<I>§3),6§f) — M?—[ under ShH,O,alg — MH,(C,L%Q — M?—L . The
stratifications by faces of o on both sides are matched with each other, because
they are defined by the same torus E<1>(,§)' (This also justifies the notations with

“(0)” appearing after the subscripts “an” or “C”.) When # is neat, the choice
(9
of ¥ (satisfying [23] Cond. 6.2.5.25 in the revision]) forces the stabilizer of Fg_[g :

(9)
on the o-stratum to act trivially. Therefore, quotient by F%g ' in the analytic
theory induces an embedding of the o-stratum Ecpgf),a;f),a,an of Eq>gg),5gg>,an(‘7) into

(9) tor
(T3 \X0) 53069 -

Let us summarize the setup as follows, each statement depending on the state-
ments preceding it:

(1) The moduli problem My has a smooth toroidal compactification M‘;_‘fz,

which is an algebraic space over Spec(Fp), by the main results of [23, Ch.
6).

(2) Let M3’y ¢ denote the pullback of M3, under the structural morphism
Spec(C) — Spec(Fp). Since My, is smooth, the closure of MH,C,L%Q
in My ¢ defines a smooth toroidal compactification My, ¢ 1 20 of
Mucreo-

(3) There is a stratification of Sh;fzyalg by locally closed sub-algebraic spaces
labeled by the equivalence classes [(®3, 03, 0)], the same labels we have for
M%fzfz. We do not need to know if the stratum labeled by a particular class
[(®y, d%, 0)] is empty or not.

(4) Every stratum of Shi("y, ,;, is embedded as a union of connected components
of the corresponding stratum of Mig's; ¢ 1 & ¢ With the same label.

Z

The issue is that we do not know if there is a morphism from the whole algebraic
space Shg—?fz,alg to My{'s; ¢ 1 ¢ @ inducing the morphisms on the strata.
Z

Remark 3.7.6. Any reader unwilling to work with algebraic spaces may assume that
¥ is (not only smooth but also) projective (as in [23, Def. 7.3.1.3]). In this case,
M2 ¢ is a smooth and projective variety over Spec(Fp) (see [23, Thm. 7.3.3.1]).

tor
On the other hand, the smooth toroidal compactification (Fg)\xo)z(g) of F%)\Xo
is projective for every g € G(A*) by the main results of |2, Ch. IV], and hence
Sh;-(z,rz,alg is a projective variety over Spec(C).
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4. MAIN COMPARISON

Throughout the section, we retain the assumptions and notations in the previous
sections. In particular, the open compact subgroup H of G(A*) will always be
assumed to be neat. (See Assumption [2.5.4])

4.1. Main Theorem. Let us state our main theorem as follows:

Theorem 4.1.1. Let ‘H be a neat open compact subgroup H of G(ZD) (defining
a level for our moduli problem), and let ¥ be any compatible choice of admissi-
ble smooth rational polyhedral cone decomposition data ¥ = {X¢,, o, = {Za, =
{oj}ien,, toy for My in the sense of [23, Def. 6.3.3.2] (cf. Corollary(3.7.3). Then

. . . . . tor ~ tor
there is a canonical strata-preserving isomorphism Shy’s . — M5 c 1 oq €2
Z

tending the canonical isomorphism Shy aie — M c.L o Q-
Z

The proof of Theorem will be carried out in subsequent subsections.

Remark 4.1.2 (continuation of Remark . When H is not necessarily neat, by
taking a neat normal subgroup H’ of H such that the cone decomposition induced
by ¥ at level H' is also smooth, the obvious analogue of Theorem at level H
follows from the case at level H' by taking quotients by the finite group H/H’.

4.2. Tautological degeneration data, Mumford families. Let us fix a choice
of (V,g,e)) defining F9) and (29, ®9) §(9)) as before. Let o € Yy st be
HOTH

a cone in Pg(g). Then the identification (3.7.5) allows us to identify the formal

H
completion %¢£)76g)70,c = (:Qg)76§f)7c(a)) with the formal completion

Eple) s
259) 557 o .C
of (ng)\XO)Z(g) along its [(@%)75;?),0)]—5‘51“&‘5&. Over :{égj),zﬁf),a,c’ we have the
following tautological degeneration data:
(1) A triple (Zgj), @g_“z) = (X(g),Y(g),¢(9),w&gz)’ﬂ,gpé%), 6?(_‘27)) representing
a cusp label, defined by forming the equivalence class of the H-orbit of
(Z(g)7¢)(9),5(g))_
(2) The data (Ac, Aac,%ac,9—1,4,c) on the abelian part, and the remaining

data (cp(_g%:;, <p((f)’~) on the torus part inducing (gp(_g%ﬂ, <pé‘?) ).

(3) The data (cy,c, ¢y c)-
(4) The datum 7 c.

Putting these data together, we obtain by Mumford’s construction (explained in
[23, §6.2.5]) a degenerating family (G, Y\, Vi, Yay) — ’/{@S),éﬁ’,o,c’ called the
Mumford family.

By construction of M%—?TE,C,L@Q? the Mumford family (G, Y\, Vi, Yay) —
3€q>§f)’6§{g)’a’c is the pullback of che degenerating family (G, \, i, ay) — Mg_‘fz given
by [23, Thm. 6.4.1.1] under the morphism 36@23’,655%0, — xéﬁf),cﬂj),o — M‘f}_‘z’rz,

C
On the other hand, there is the structural morphism %‘1’53)1555)70»(3 — Shgifz’alg

which identifies with the completion of Shg_‘z’rz’alg along its

36@53),5;9),0,@
[(@gj), 5;? ), o)]-stratum. For simplicity, let denote the previous composition by Fi,
and denote the second composition by F5. A priori, it is not clear how F; and Fy
should be compared.
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Remark 4.2.1. Before moving on, let us clarify that this comparison is not re-
lated to the question of whether the algebraic construction of the Mumford family
(G, 9\ Yi, Yay) — }fé(g)ﬁ(g)mc has an analytic analogue. (This question is
only related to the deﬁnitio?l oi?iFl.) To relate F» to Fy at all, we need to make use
of the analytic toroidal boundary charts studied in §3] because it is the only way
we can see how Fj is defined.

Let s be any point of the o-stratum of %q)@ 59 o0 and let R, denote the com-
H O 19>
pletion of the local ring of %(b(g) 59 ¢ at s The ring R is noetherian and normal

H
because = (o) is of finite type over C (and hence excellent). Let K :=

3 59 C
Frac(R;). Then we obtain by pullback an object (YGx,, “Ak., YVik., Yanr.) —
Spec(K) of My (Ks) corresponding to a canonical morphism Spec(K;) — My.
Concretely, the pullback of the tautological degeneration data define an object
in DDpg,m,, over Spec(R;), and hence determines by [23, Thm. 5.3.1.17] a de-
generating family (YGr., “Ar., Vigr,, Yan k.) — Spec(Rs) in DEGpgy, m,, over
Spec(R;). Then the object (YGx., “Ak., Vik., Yo x.) — Spec(Ks) of My (Ky)
above is isomorphic to the pullback of (YGg., YAr., Vir., OOL}LKS) — Spec(Rs)
to Spec(Ks).

The morphism F; = X_(0) < —  MY¥%  induces
P & 5 H,Z
H 0w T ’

%<1>§§>,5§j>,g,<c
a morphism f{" : Spec(Rs) — My pgq, and hence a morphism
Z

. t
f1 : Spec(Ks) — M’H,C,L%Q- The IIlOI‘phlSHl s o %@2?75;?’07@ — Sh?-(z,ril,alg
induces a morphism fi : Spec(Rs) — ShE:ZfZ,alg, and hence a morphism

f2 : Spec(K) — My using the canonical morphism Shy a1, — Myy.

Proposition 4.2.2. Let (YGxk,, “ k., Vik., Yoy k.) — Spec(Ky) be defined as
above (which is isomorphic to the pullback under f1 of the universal tuple over My),
and let (Gk,, Ak, , K, , Q1 Kk,) — Spec(Ks) be the pullback under fo of the universal
tuple over M. Then there is a canonical isomorphism (G, Ak, ik, , 01 Kk,) =
((?GKS7 O)\KS, oiKS, Q?oz%;(s). Consequently, f1 = fo by the universal property of
My, .

The proof of Proposition will be completed in Assuming Proposition
[4:2:2] for now, we can prove our main theorem as follows:

Proof of Theorem [£.1.1] Let us consider the graph A of the isomorphism Shy a1s —
Mu.c,.L 9@ as a locally closed sub-algebraic space of Sh;_‘z’rz’alg x M .1 9 @> and
Z [t ] 7

let AT denote its algebraic-space closure. We would like to show that A de-
fines an isomorphism from Shg-(z,rz,mg to M%f[’fZ’QL%Q, i.e. AT is the graph of an
isomorphism.
Let us take any cusp label [(@%),555),0)] and any point s of the o-stratum
of Xy 50 o Let Rs, Ks, fi°r, fi, fir, and fo be defined as in the two
HOn 1T
paragraphs preceding Proposition Under the flat morphism fiF x for .
Spec(Rs) x Spec(Rs) — Shif's 1, X M5 .1 o @» the pullback (f5°7 x fir)*(A'r)
Z
is the closure of (fi°" x fi°")*(A) in Spec(Rs) x Spec(Rs). Since f; = fo by
Proposition the generic point of (fiF x ffr)*(A) is the image of the di-
agonal morphism Spec(K,) — Spec(K;) x Spec(K;) — Spec(Rs) x Spec(R;), and
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therefore (f3°" x fi°")*(A'r) is the image of the diagonal morphism Spec(Rs) —

Spec(Rs) x Spec(Rs). By flatness of fioF x fior  this shows that A" defines an

isomorphism from an open neighborhood of the image of s in Shg_‘ZfE@Ig to an open

neighborhood of the image of s in M§'y; ¢ ; o - Thus the theorem follows because
Z

[(@gj), (5;‘27),0)] and s are arbitrary. O

To prepare for the proof of Proposition let us summarize the important
properties of “G. in terms of the algebraic theta functions given by sections of
powers of the ample line bundle YLg. . (These involve only the morphism f;.)
The reason to consider such theta functions is because they have obvious analytic
analogues (which will allow us to involve the morphism fo as well).

Let YLk, = (dog, , YAk,)* Pogy,, let Mk, = (Iday,, Aag,)* Pay,, and
let Oy k., = Pax. Ak, x cn.x. () According to [17, Ch. III, proof of Thm. 6.1] (see
also [23] Cor. 4.5.4.24 and proof of Thm. 4.5.4.17 in the revision]), we have the
following facts:

(1) There exists (non-canonically) an integer ms > 0 depending on s (such that
a relatively complete model for (G, E?}m) exists, and) such that, for any
integer m > 0 divisible by m,, T'(YG., OE?}S’”) is canonically isomorphic
to the K -subspace V,, of [] T(Ag,, MZ™ ﬁ@ O\ k.) described by

xXEX (9) Ak

(GX)XGX@ 10y € F(AKwM%:n ® ﬁx,Ks)v
Vin = Ok,
Vy, 0x+2m¢(9)(y) = T(y7 X+ m¢(q) (y)) C*\/ (y) eX

In what follows, let us fix the choice of such an mg.
(2) The canonical morphisms

(4.2.3) F(AKS,M%SW Y ﬁ,[(s)@F(AKS,M%Sm/ ® Oy k.)

o On,

- F(AKwMgierm : ﬁ® Ox+x'.K.)

A,

AR,

induce Ks-module morphisms

(4.2.4) Vi @ Vit = Vi -

/ /
(ax)XeXW) ®(0X)xex<g) = ( E 0x+x’0x—x/) ex (@)
Y EX(9) X

for integers m,m’ > 0 divisible by mg, where the infinite sum over
X makes sense because (by Mumford’s construction) for each
(Ox)yex® ®(9;)X€X<g) there is a finitely generated Rg-submodule of
Vintm containing all the entries 0y1,.0 _ ,, in which /ezxw) Ox+x 0y
N EX (s
form a convergent sequence with respect to the ideal of definition of R;.
(3) The above isomorphisms are compatible and define a K,-algebra isomor-
phism @& TI'(YGk.,“L3™) 5 @ V.
m>0,ms|m e m>0,ms|m
(4) Since YGg, = Proj ( © I'(YGg., @E?}m)) the K,-algebra
m>0,ms|m s

®  V,, determines the isomorphism class of (YGg,, YAk, ).
m>0,ms|m
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We will show (in Proposition [4.6.7| below) that the K,-algebra e Va

m>0,ms|m

can be compared with the K,-algebra @ I'(Gk,, E‘?}Sm) (which involves only

m>0,ms|m
the morphism f3). (This will allow us to show that f; = f3.) As mentioned
in Remark this requires the detailed description of the analytic toroidal
boundary charts in ‘ It is irrelevant whether f; (or Fj, or the Mumford fam-
ily (YaG, O\, Vi, Yay) — }Cq)m 59 o ) has an analytic construction or not.

4.3. Classical theta functions By Lemmas there exists a maximal to-
tally isotropic submodule L ) of L9 contalmng . Let {e;}1<i<r be a Z-basis
of F( . Let {e;}1<i<a be a Z basis of L(g) extendlng the basis {e;}1<i<r of F(_Q)
Let {fz}lgzgd be the elements of L(9) %)@ given by Lemma [2.4.3] Then the im-

ages of {fi}i<i<q in (L(g)/Ll(\fﬁ)@Q form a Z-basis of (L(g))#’&/(L(g))l\?&’fH dual to

{ei}1<i<a, and the image of {fi}i<i<,r in Gro(g = Y@ ®Q form a Z-basis of
7

X(9) (identified as a submodule of Y9 ® Q as usual) dual to {e;}1<i<,. More-
. <i<

@) . . . . @)
over, (Grii M1 = LMI/F(_gQ) is a maximal totally isotropic submodule of GrF_i ,

and the images {éi}r<z<d of {e;}r<i<a in GrF_(i) form a basis of LMI/F(_QQ). The
elements {fi},<i<q of LU ®(@ lie in FY )Q = (F(_g%@)L because (e;, f;) = 0 for

1 <i<randr < j<d Theimages {fi}r<i<a of {fi}r<i<a in GrF_(i?Q satisfy

(€, F)\ = 2my/=1 655 and (fi, £;)'? = 0 for 1 <i,j < d. We shall fix the choices
of these {e; }1<i<q and { fi}1<i<q. Asin this allows us to study the line bundles
with sections varying holomorphically with h.

At any h € Xg, G g (vesp. Ly 4) is realized canonically as a three-step quotient

((Vh/F(g))/ Gr F(Q))/ GrF(Q) (resp. (V3 x (C)/F(g))/GrF(Q))/G F(Q)) For any integer
m > 0, the line bundle L’%;" is canonically realized as the quotient of V;, x C by
the action of L9 defined by sending I € L9 to the holomorphic map

Vi xC—=V,xC:

(@, w) = (241, we(=gm(Bh,g = Hig) (1) = m(Bp,g — Hag) s 2)))-

Suppose we have a section of I'(Gp, g, E%;") represented by some function f:V, —
C. Then we have

(4.3.1) flz+1) = f(z) e(—2m(Bp,g — Hpg)(L,1) — m(Bp,g — Hp g)(l, ).
Since F@ Ll(\z%, we have (Bp,g — Hp g)(l,2) = 0 for any [ € F(fg and z € V}, by
definition. This shows that f(z) is periodic in F(g)

Lemma 4.3.2. For anyl € L9 and any x € F(_g;,h(c), we have

e(3(Bh.g — Hng)(l,z)) = e((z,1)20),

where 1 is the image of | in GrF(Q)

Proof. Since (Bh,g - Hh,g)(l7$) is C-linear in z, we may assume that
T € F(fg%,]R‘ Let us write [ = I + h(\/—l)lg + I3 for ll,lg € FSQ%’R and



COMPARISON BETWEEN COMPACTIFICATIONS 45

ls € (F9) o))" Then we have Hy,(l,z) = (L,2)® — =1 (IL,h(v—T)z)'" =
(h(v/=TDla, o) — V=1 (1, h(v=D)2)" and Bp,(l,z) = Hy,(%z) =
—(h(V/ =Dl ) = V=T (I, h(v=D)a)"”, so that L(Bun, — Hpp)(lz) =
<.’17,h(\/—1)12>(g) = (z,)\9) = (x,D%), as desired. O

Definition 4.3.3. For each y € Y9 @ Q, we define the function
Z

engy: Vi = C:a > e(3(Bng — Hng)(9(0,0,y), 7).
For each x € X9 we define en.g,x DY viewing x as an element of Y@ ®Q using
zZ
the homomorphism ¢\9) : Y9 — X9 with finite cokernel.

Corollary 4.3.4. Fvery holomorphic function f :Vy, — C that is periodic in F(_g%
can be written uniquely as

(4.3.5) f@)= " engx() file)
xXEX(9)
for some holomorphic functions fy : Vi, — C. The value of the functions fy(x)
depend only on the image x_1 of x in Grli(i) = Vh/Figz) h(C)" (Therefore we shall
sometimes write fy(x_1) instead of fy(z).)
4.4. Quasi-periodicity in 5(9)(GrF_(i)). Suppose [ € GrF_(g). Let
[:=¢e (0,1-1,0). Then I =1y + I3 for some I} € FSQQ),R and I3 € (F(_’]Q)’h((c))L7 which
shows that 1¢ = 1 4 I§ because F(_g2) g C Lvr @R, Therefore, (Bp,g — Hpg)(l,2) =
' Z
Hy g (°—lx)y=Hy , 4, —1l_1,2-1) = (Bn_,.g — Hn_, ¢)(I=1,2_1), where z_4
is the image of = in GrF_? = Vh/F(_g; h(C)- Thus, by comparing the coefficients of
e g () in (4.3.1)), we obtain
(4.41)  filzoa +1o1) engy (D) = fy(zz1)
e(_%m(Bh—hg - Hh—l,g)(lflv l,1) - m(Bh—l,g - Hh—lyg)(lflvxfl))'

The line bundle M;,_, 4, = (IdAh_l,ga/\Ah_l,g)*PAh_l,

quotient of GrF_(iiR x C by the action of GrF_(i) defined by sending I_1 € GrF_(ifQ to

the holomorphic map Grli(i?R xC — Grli(i?R x C defined by

, 1s isomorphic to the

(z_1,w) = (x_1 + 1,
we(—5(Bn_yg— Hn_, g)(l-1,1-1) = (Bn_,.g — Hu_, g)(I-1,2_1))),

(@ @) . . - .
i,]R X GrF,in — C is the symmetric C-bilinear pairing such that

where Bp,_, 4 : GiF

(9) .
Bh , g(x_1,y-1) = Hp_, g(x_1,y—1) for any z_q1,y_1 € (Gr" ] ). (We introduce
By,_, 4 so that the line bundle M}, _, , and its sections vary holomorphically with
h_1.) Thus, the factor

e(_%m(Bh—hg - Hh—lxg)(l—lﬂ l—l) - m(Bhfhg - thhg)(l—l’x—l))

defines sections of the line bundle M%ﬁ”f’ 4~ However, this differs from the factor in
(4.4.1) by the inverse of the factor ey 4, (I). Let us clarify this factor.
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Lemma 4.4.2. With settings as above, we have

engn(l) = e(3(Bi_, g — Hu_, o)(I_1.55 () (X)))-
Proof. Since By, 4 is symmetric, we have
3(Bhg — Hyg)(€9(0,0,x),1)
= 3(Bng — Hig)(l, €9(0,0,x)) + (1,£9(0,0, x))
= LH), 4% — 1, e (h )( ) + (108
= L(Bu_g— Hi_, o)1, 25 (1) (X)) + (-1, %)% .

Now the lemma follows because (I_1, X>§%) € Z(1). O

n (9)
+

/\/\

This shows that the inverse of the factor ey, 4, (I) defines the line bundle corre-
sponding to the point on A)L/ , represented by 5(9)(h) (x)-

Corollary 4.4.3. For any function ( : GrF< v

fine a function T} ¢ : GrF(g)
lation (4.4.1)) if and only sz

. (9
— C and any point a € GrF_iR, de-

— C by (T C)(:E) :=((z+a). Then f, satisfies the re-

fx represents a section of I'(Aj,_, 4, MY )

L)

(9)
Lemma 4.4.4. 19 (h)(x) + '(e57 (h))(x) € (G"1)#
Proof. By Lemma we have for any [_; € GrF( 7
(9)
1

(o1, €D ()00 + <s§?(h>)<x)>§gﬁ = (1,9 00T + ER R 1))
= (1,0 e z(1). O

Corollary 4.4.5. The points &\ (h)(x) and — (=0 (h))(x) of GrF_?R define the

) (9
same point in Ay | = GrF TR/ (G H#

(9
Corollary 4.4.6. Let Oy, , 4 = PAh_l,g|An,1,gXc'h,g(x)' Let fy : FiR —
C be a function satisfying the relation (4.4.1). Then f, represents a section of

T(An_ 1797Mh L9 ®  Oyn_,gq) if we represent the point cp ¢(x) of A}{il,g by

hlq

sg%)(h)(x) (instead of — (sggl)(h))(x), which also defines the correct datum cp g3).

Remark 4.4.7. If we represent the point c;,4(x) of Ay | by —t(Eégl)(h))(X)7 then
we need to modify f, (x_1) by the factor

e(—1(Bi_,.g — Hu_,,g)(e3 (W) () + 1 (1)) (x), 2-1)).

We shall refrain from doing so, because later we will need to work with 55%)(h) ()

anyway when we study the action of GrF(g)

For any [_; € (GrF<g>)#/(GrF(i))MI, consider the group homomorphism

(9)
&, (Gt ) ®C = Cray e(3(Bn_y,g = Hn_,,g)(I-1,2-1)),
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D\ 4 . . 7
where [_; € (Grlii )# is some representative of [_;. Then we have

&, (@o1) = e((a—1, L)1) = e(—(1,2-1)1])
by Lemma
Let (GrF))¥, = (GrF(m) N((Gr (i))M1®Q) For any integer m > 1, let

{l@% }jet,, be a complete set of representatives of

(G ) # /(G )]/ 2m(Gr Y /(G )

Let Q,_, be determined by h_1, {ei}r<i<a, and {fi}r<i<q as in §2.4. Then, by
Corollary for each j € J,,, the infinite sums

05 | (@) = 3 6) iy 1 (0210)) €6) p, (1)

lllGGrlfSl’) /(GYF_(?) M1

F(9)

. )
converges absolutely and uniformly over compact subsets of GrF_iR, and the collec-

. j (9) . .
tion {97(2?,1_1 i€, define holomorphic functions over Gr"; , representing a C-basis

of F(Ahflyg,Mf_m ). Combining this with Corollary |4.4. % we obtain:

Lemma 4.4.8. Set Qé)hxl o =T 19 (0 Gg)h g forany j € Jy and x €

X9, Then the collection {97(7]1 ;Lxl g}jeJm over Gr_lfh represents a C-basis of

F(Ah—hg?Mh,hgﬁ ® ﬁx,hfl,g)-

h_1,9

4.5. Quasi-periodicity in 5(9)(Gr0 ). Suppose y € Y9 = Grf PO Let 1=
£9(0,0,v).

Lemma 4.5.1. For any x € X9, we have (¢f. Definition |4.3.3)

(9)

eng.x(1) = e({e58) (1) X)a0 ) (3 (B 1o = iy ) (€13 () (), €18 (M)(w))),
which represents the section Th 4(y, x) of (cy ,(¥),cn,g(X))* 'Pf’h if we represent
the point (6, (4).c1.s(x)) of An_.0 X AY__, by the point (e (1)), (1) 1) of
GrF(g) GrF(Q)
Proof. Let us write £9)(0,0,x) = x1 + h(\/ Dx2 + x3 and | = £9(0,0,y) =
g1+ h(v"D)y2 +ys with x1, 2,91, 2 € Gr™ QR and xs,ys € (G h(cc)) - Then
§(Bh7g — Hp g)(f(g)(o 0,x),1)
= 5 Hig(=2h(V=1)x2, y1 + h(v=1)y2) + 5Hn,4 (X5 — X3, ¥3)

= —((V"D)x2o )" = VT (V=T)x,92) ) + LH, (#2009 (%), 1)

= (D (B) (), Xty + 2(Bh 1 — Hn o)D), €9 (B)(w)),

and the lemma follows by evaluating e(-). O

Remark 4.5.2. In the proof of Lemma the expression of 75, 4(y,x) was

written s e((e50) () (), X)ur) e(~3Hn , o(— "L (RN, €8 (W)®))) over

(55%)(h)(y) (eégl)(h))(x)) Since we have twisted our coordinates by introducing
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By,_, ¢, and since we have used the representative (55%)(h) (y), sgﬁ)(h)(x)) instead
of (eg%)(h) (y), — (egﬁ)(h))(x)), the expressions are consistent.

By expanding f(x + ) using , we obtain

et = 3" engxle+1) flz_i+e5 (M) ()
xE€X(9)

= D engn(®) engn(D) fulor +eif (M)()).
XEX(9)
On the other hand, we have (by shifting summation indices by 2m$(9)(y))
f(@) e(=g3m(Bng — Hng)(1,1) = m(Bn.g — Hyg) (1, )

= Z €h.gx () fx(z-1) €n.g,—my(l) €n,g,—2my(2)
XEX(9)

= Z eh,q,x fx+2m¢(g)(y) (z-1) €h,g,— my(l)
x€X (@)
By comparing the coefficients of ey, 4, (), the relation (4.3.1) implies

Fela—1 + 2 () ) engn (1) = frsamoto ) (T—1) €hg—my (L),

or equivalently
(4.5.3) fx+2m¢(g>(y) = eh,g,x+m¢(g>(y)(l) T:gfg])(h)(y) P
Written symbolically using Lemma [£.5.1] this is

fx+2m¢>(9)(y) = T(y7 X + m¢(g) (y)) Tc*;z/g(y) fXa

which is exactly the same relation appeared in the definition of V,,.

Lemma 4.5.4. If {X(j/)}j'eJ;ﬂ is a complete set of representatives of

9 /2¢9 (Y (9)), then any family (fx)xex that satisfies for every y € Y(9)
and every x € X9 is uniquely determined by the finite subfamily (fX(j’))j’eJ;n.
Moreover, the sum converges for such a family and defines an element of
F(Gh,gvﬁg,;n)'

Proof. The first statement is obvious. Since the C-dimension of I‘(Gh,wﬁggn) is

explicitly known (by Corollary [2.6.5)), the convergence of the sum (4.3.5)) is forced.
O

Corollary 4.5.5. Let us denote by 0(“) the family (fy) satisfying (4 (for

every y € Y9 and every y € X)) such that fx =0 for x & U + 2m¢)(9)(Y(9))

and f, i1 = 0m h_y.g- Lhen the collection {nghg}]e]md ey, defines a C-basis of
(Ghyg’ﬁﬁg )-

4.6. Explicit bases in analytic families. Let Ky be the function field of the

irreducible component of Sh;grz ol containing s. Let U be any (connected) complex

analytic neighborhood of s in ShH 5., and let Ky denote the ring of meromorphic

functions on U. As in [3| p. 117, (10.1)] (with an obvious analogue for algebraic
spaces), there are natural inclusions

Ky — Ky — K.
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Let Up := UNShy. Let (Gu,, vy, vy, @n,u,) — Up denote the pullback of
(Ghol, Ahol, thols @24 hot) — Shy under Uy < Shy, or rather the holomorphic family
descended from (Ghol, Anol, thols @ hot) — X. By shrinking U if necessary, we may
assume that Uy — U is given by

(4.6.1) AL x AV 5 AGT
where A is the unit disk, Aq is the unit punctured disk, and a,b > 0 are integers.

By the theorem of [2] p. 279], we see that m1(Up) (as a subgroup of ng)) lies in

(9)
Fg_lq Uz, Therefore, by choosing a point § of

B )(©)
H

(9) U, (9)
5 ET) R By (©)(0)

that is mapped to s, (which is necessarily in the interior of the closure of FFm U2\ X))
we may assume that U is the isomorphic image of some complex analytlc poly-
disk U containing 5. Let Uy be the preimage of Uy in U. Then we may realize
(Guys Avy s ity s @34,0,) — Up as the holomorphic family (G, , Ag,» ig,» .0,) = Uo
descended from X.

Lemma 4.6.2. The topology of Rs is ﬁner than the topology defined by the
functions wvanishing on the o-stratum H(I)(g) 59 o.an of = .dcbgi,) 59 o ( ), which
is therefore finer than the topology deﬁned by the collection of functions
{engy(e (9)(070,y))}y€y(g>vy¢0 in complex coordinates.  (Here, by abuse of
notation, we consider eh7g7y(5(9) (0,0,9)) as functions varying holomorphically with
h for each g and y.) Therefore, a formal power series convergent for the topology
defined by {eh,gw(s(g)((),O,y))}yey<g>)y¢0 is also convergent for the topology of Rs.

Proof. The first half of the first statement is true because s is a point of the
o-stratum. The second half of the first statement is true because the definition
of the o-stratum uses the sub-semigroup oy of S o, which contains all elements

of the form [y ® ¢(y)] for some y € Y9 because o C ngg). O

Lemma 4.6.3. The C-basis {07)‘1'2)!]}j€l]m’j/€‘]7/n of F(Gh,g,ﬁggn) varies holomor-

)
phically with h € Uy, and it descends to Uo because FF U2 gets trivially on all the

data involved. Moreover, the element 9731’{101 of T'(Gu,, L'®m) defined by 9%’2)9 stays

bounded when the point of Uy defined by h approaches the boundary U — Uo

Proof. Both statements are clear from the explicit expression of each Hm hg: ([l

Corollary 4.6.4. The collection {Hg’ilgl}jek]m,j/e];ﬂ represents a Kg-basis of
F(GKS,£®’").

Lemma 4.6.5. The sections {Hm ey gti€dm of T(An_ Lo MET™ 9, ®  Oyh 1)

h_1,9
vary holomorphically with h € Uy (or rather with the h_1 associated with h), descend
to sections {Gg)flﬁl}jeJm of T'(Ay,, M%Om ® Oy.u,), and extend canonically to U.
' 17

AUO

Proof. The identification of Uy «— U in (4.6.1) implies implicitly that Uy and U
parameterize the same abelian parts. O
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Corollary 4.6.6. The collection {9(1')»( Yied., over Uy defines a K,-basis of

m,hol
D(Ag, , ME" @ Oyk.).

ﬁAKS

Completely analogous to the case of {Gg’{;gl}je Jm.jreJ;, above, the collection

) ics. and the same representatives {x ! iregr  determine a K;-basis
9%?}351] . and th U3, 5 d Ks-b
{00990 Y se s grea, of Vi

Now Proposition follows (as outlined in §4.2)) from:

Proposition 4.6.7. The assignments 07(7]1{121 — @97(3;7’{:3] (for m > 0 divisible by
mg) define a canonical (Ks-algebra) isomorphism
& DG .LE™S @ Ve @ I(YGk, L3

m>0,ms|m m>0,ms|m m>0,ms|m
inducing an isomorphism (Gk,, Ak, , ik, , 01 K,) = (OGKS, @/\st oiKS, OOCH,KS)~

Proof. Since the periods 7(y, x + m¢'9 (y)) involved are identical over K, the
explicit formula QD allows us to identify T'(G KS,E?};") canonically with V,,, for
any m > 0 (divisible by my).

By Lemma the infinite sums |) for elements in {97(7]17,{,31}1'6 Tmgred!
correspond to infinite sums convergent in the topology defined by Rs. This

allows us to identify the canonical morphisms I'(G KS,L’?}:”) ® (G KS,L’?}:”/) —
F(GKS,L'?;(Sm+m,)) with the morphisms |D using the canonical morphisms
4.2.3). As a result, the graded K,-algebra @ F(GKS,ﬂ?éjl) is canonically

m>0,ms|m

isomorphic to @  Vp, and hence to o I'(YGg., OE?}T). This gives

m>0,ms|m m>0,ms|m
the canonical isomorphism G, = “Gg, matching A, and “\g,.
Take any integer n > 3 such that U(n) C H. Since Lk, is ample over Gg_,
giving a point of Gk [n] is equivalent to giving (compatibly) for each m > 0
divisible by mg a K,-linear morphism F(GKS,E?}:”) — K;. (The same is true

with m, replaced with any positive integer.) For each | € %L /L, the evaluation of

{Hg’ilgl}jeJm,j/eJ;’l at the point o, 4.,(1) of G, 4 varies holomorphically with respect

to h € Up, and hence defines a morphism F(GKS,L?}:”) — K giving a point of

Gk, [n]. This defines a tautological level-n structure o, g, : 2L /L9 5 G [n],
whose (H/U(n))-orbit is ay, k,. By Corollary the evaluation defining o, x,
can be determined by a similar evaluation of the collection {Gg),’lx_ }jes,, at points

of Ay, , 4[n] (without having to evaluate at the points of Gy 4[n]). Since the two

: (4,4") Qp3") :
collections {emvhol}jeklm,j’GJ;n and { 9m7h01}j€.]m’j/€,]7/n are defined using the col-

lection {Gg?ﬁil}je J,, by the same formulae (for each m > 0 divisible by my), and

since the level structures are built from their graded pieces by the same tautologi-

cal relations (in particular, the relations and for ay, g, correspond
to the same tautological relations for “ay, . ; cf. [23, Thm. 5.2.3.13 and §6.2.3]),
the isomorphism Gg, = Q7GKS matches o, i, and @Oén,K.u the latter being the
tautological level-n structure determined by the U (n)-orbit of (z(9), ®(9) §(9)). By
taking (H /U (n))-orbits, we see that the isomorphism G, = Y G, matches ay r,

and Yoy . as well.
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By [24], §21, Thm. 5 and its proof], the isomorphism Gr. = “Gg, matches if,
and OiK because it matches o, k, and ¥ O i, With n > 3 Thus we have the
desired isomorphism (G, , Ak, ik,, 01, K,) = (QGK , O/\K sz, Q?ozH,KS). O

5. APPLICATIONS

5.1. Minimal compactifications.

Theorem 5.1.1. Let Shﬁfglg denote the minimal compactification of Shyy a1 con-

struction by [, 10.11], and let M3'% | oo denote the closure of My c Lgq in
Cre g

M;‘fﬁé, the pullback of Mﬁin under Fy — C. Then there is a canonical strata-

. . . min ~ min . . . .
preserving isomorphism Shy 1, — M%C.L g @ extending the canonical isomorphism
Z

Shag g — MH,C,L%Q'

Proof. Let w := AtoP LleG/Mtor = AP ¢, QG/MW , where (G, \,i,a3) — M';_‘Zrz

is the degenerating family given by [23, Thm. 6.4.1.1]. By [23] Thm. 7.2.4.1], w

have MJ}" 2 Proj < & F(Mg_(zrz,w®k)>. By pullback to closures of My ¢ Lo (in
k>0 ’ Z

the normal ambient varieties), we obtain

(5.1.2) %%L@Q—PTOJ( D (MHECL@@@a ®k)>-

On the other hand, according to [4, 10.11] and [27, 8.2], and by Theorem [4.1.1]

we have
min  ~ . or =Qk
(513) Sh?—[,alg = PI‘OJ <k6>90F(MPH,E,(C,L(§)Q7 Q2 )> ;

where Q := AtoP (Ql
( Mg-(t)rz ,C,L ®Q/C

[dlog o0]) (with dlogoo defined as in [23] Thm.

6.4.1.1]).
Let us denote by MH cLoQ the open subscheme of MM‘(C 190 formed by the

union of the strata of Mﬁ‘fé, Leg ©Of codimension at most one. By the descrip-
tion of the fibers of the canonical morphism M%ng’C’L§)@ — M%i’f(‘:’L?Q in 23]
Thm. 7.2.4.1], its restriction to M%—t,(C,L@Q is an isomorphism. Hence we may view
M%C’L@Q as an open subscheme of M%—%E,C,L@Q as well.

z Z

Since the complement of M%{,QL%Q in M%E&L%Q has codimension at least two,

and since the sheaves on the right-hand sides of (5.1.2)) and (5.1.3) descend to
M2 1 o (because H is neat; cf. [23, Thm. 7.2.4.1] and [4, 10.14]), to compare the
Z

right-hand sides of (5.1.2)) and (5.1.3)), it suffices to compare them over connected
components of M%_UC’ L& Since each of the connected components decomposes
Z

(up to subspaces of codimension at least two) according to the decomposition of
G* ®Q into Q-simple factors, we may as well assume that G* ® Q is Q-simple
Z Z

and nontrivial. By using the extended Kodaira—Spencer isomorphism (see [23]
Thm. 6.4.1.1]), and by tensoring with the analogues isomorphism with F-action
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twists by *, we know that some positive tensor power w|M%i creo is isomorphic to
Tz

some positive tensor power of Q|M%{ . Thus, we obtain a canonical isomorphism

Shziglg = M3% | oo extending the canonical isomorphism Shyy s — MH’QL%Q,
as desired. ’

The statement that this isomorphism is strata-preserving follows from Theorem
from the description of the morphism Sh;fz’alg — Sh%ﬂ;lg in [2 pp. 254-256],
and from the description of the morphism My, — M3™ in [23, Thm. 7.2.4.1]. O

Remark 5.1.4. The statement that the restriction of Mg_‘ffz’c’L(};Q — Mﬁi’fé’L(?Q to

M%—L,C,L%Q is an isomorphism, together with Theorems [4.1.1| and |5.1.1} explains

that growth conditions commonly imposed on sections of coherent sheaves can be
understood as the Riemann extension theorem applied to the analytic boundary,
essentially (products of) the one-dimensional case.

5.2. Automorphic bundles. Let us denote the universal object over My, by
(GMy s AMy, > Iy, ) — Mgy, interpreted as the pullback of the degenerating fam-
ily (G,\i,ayq) — Mg_‘ZfZ to Mg. Consider the relative de Rham cohomology

Hix(Gw,, /My) := RY(Gwm,, — Myu). (Q2,, /m,,) With its self-dual pairing struc-
H

ture (-, - ) : Hig(Gm,, /My) x Hig(Gm,, /M#) — Owm,, (1) induced by X : Gy, —
Gy, - (See [15] 1.5] for the definition of (-, -)x.) Let

H{™(Gry /M) := Homg,, (Hr (G, /Mar), O,

and denote the induced pairing on H{¥(Gw,, /M) x H{®(Gm,,/M3) by the same
notation (-, -)x. By [B Lem. 2.5.3], we have canonical short exact sequences
0— @émﬂ/w — H™(Gm,, /My) — Lieg,, /m, — 0 and 0 — @gww -

Hlig(Gw,, /My) — Liegy m, — 0. The submodules @Z’Vm my, and @éw Moy

are maximal totally isotropic with respect to (-, - )x.
On the other hand, consider the O ® C-module morphism
z

(5.2.1) LOC = Vo:= (LQC)/P,

where Py, := {vV/—12 — ho(vV/—1)z : 2 € L&R} C L®C is defined as in Lemma
Z zZ

Let F} be any field extension of F in C over which there exists an
O ® Fj-module Lg such that Lo ® C = Vj as O ® C-modules. (The choice does
z F z

not matter for us here, but in practice there might be an optimal choice in each
special case. The reader can take for example F] = C in what follows.) Let us fix
the choice of Ly and denote by

<'7 '>Can< : (LO@L(\J/<1)) X(LO@LE)/(l)) — F(;(l)

the alternating pairing defined by {((x1, f1), (2, f2))can. := fa(x1) — f1(z2).
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Definition 5.2.2. For any Fj-algebra R, set
(9,7) € GLo @ R((Lo ® L (1) ® B) X Gu(R) :
F! 4

Go(R) := 0
oFV= o) = ) vy € (L@ LYM) S R [
0

PoB) = {(9.7) € Go(R)  o(L§(1) © B) = L(1) @ R).
Mo(R) = GLOQZEJR(LE)/(I) g R) X Gm(R),

where we view Mo(R) canonically as a quotient of Po(R) by Po(R) — Mo(R) :
(9,7) = (9lLyq) @ r,7). The assignments are functorial in R and define group
F/

0
functors Go, Po, and My over Spec(Fp).
Lemma 5.2.3. The choice of hy defines by Lemma a canonical isomorphism
(L®(Ca<'a >) = (LO@L(\)/(U7<'7 '>can.) ®(C,
Z F
and hence a canonical isomorphism G(C) = Go(C). Consequently, the choice of hg
identifies Py ® C canonically with a parabolic subgroup of G ® C.
F Z
Proof. Tt suffices to take any isomorphism L ® C 2V, @ V(1) matching V (resp.
Z
V,/ (1)) with the submodule of L ® C on which hg(z) acts by 1 ® z (resp. 1 ® 2¢). O
zZ
In what follows, by abuse of notation, we shall replace My, etc with their base

extensions from Spec(Fp) to Spec(Fy), and replace My = Spec(Fp) with Spec(FY)
accordingly.

Definition 5.2.4. The principal Po-bundle over My is the Py-torsor
gPo = m(’)% Omy ((E?R(GMH/MH% < N >/\’ ﬁMH(l)’mémn/Mu)v
(Lo ® LY (1)  Oinss (++ Jean.s Out (1, L (1) & Ou )
0 0

the sheaf of isomorphisms of Owm,, -sheaves of symplectic O-modules with mazimal
totally isotropic O ® F}-submodules. (The group Po acts as automorphisms on
Z

(L(%) OMyys (55 )x, Omy, (1), Ly (1) g Owm,,) by definition. The third entries Ow,, (1)
0

in the tuples represent the values of the pairings. We allow isomorphisms of sym-
plectic O-modules to modify the pairings up to units.)

Here Ep, is an étale Py-torsor because, by the condition on Lie algebra (giving
sections pointwise), by the theory of infinitesimal deformations (giving sections
over complete local bases; cf. for example [23] Ch. 2]), and by the theory of Artin’s
approximations (cf. [T, Thm. 1.10 and Cor. 2.5]), it has sections étale locally.

Definition 5.2.5. The principal My-bundle over My is the My-torsor
Enty = 500 6 g, ((Liey s O (1): (L5(1) € B, Ou (1),
z 0

the sheaf of isomorphisms of Ow,, -sheaves of O @ Fy-modules. (We view the sec-
zZ

ond entries Ow,, (1) as an additional structure, inherited from the corresponding
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objects for Po. The group My acts as automorphisms on (Lg (1) ® Ow,,, Om,, (1))
£
by definition.)

Definition 5.2.6. For any Fj-algebra E, we denote by Repy(Po) (resp. Repg(Mo))
the category of E-modules with algebraic actions of Po @ E (resp. My ® E).
£ £

Definition 5.2.7. Let E be any F}-algebra. For any W € Repg(Py), we define
Po® E
£y
5P07E(W) = (gpo f?, E) x W,
0

called the automorphic bundle over My ® E associated with W.
£

Lemma 5.2.8. Let E be any F}-algebra. If we view an element in W € Rep (M)
as an element in Repy(Po) in the canonical way, then we have a canonical isomor-
phism
Mo ® E
Fy

EPO,E(W) = EMO,E(W) = (EMO g E) x W.

We call Enmy, (W) the automorphic bundle over My ® E associated with W.
£

To define the canonical extensions of automorphic bundles, let us formulate
axiomatically the input we need as follows:

Assumption 5.2.9. The sheaf H{®(Gwm,,/My) extends to a locally free sheaf
(ﬂ‘fR(GMH/MH))Ca“ over ﬁM%Sfy which is characterized by the following proper-
ties:

(1) The sheaf (H{™(Gwm,, /M), canonically identified as a subsheaf of the
quasi-coherent sheaf (My — M5y (H{®(Gm,, /M%), is self-dual under
the pairing (My — M5"s)« ((+, -)x). We shall denote the induced pairing
by (-, - >§\an.

(2) (ﬂfR(GMH/MH))CaD contains @év/,\wrz as a subsheaf totally isotropic
under (-, - )", ,

(3) The quotient sheaf (ﬂ(liR(GMH/MH))C”/@ZN/M?E can be canonically
identified with the subsheafmg/wfz of My — M%TE)*@GMH/MH'

(4) The pairing (-, -)?" induces an isomorphism mG/M%’fz 5 @GV/M%E
which coincides with d.

The construction of (H{®(Gwm,, /M) with properties in Assumption
can be found in the forthcoming article [22]. (In the Siegel case, it suffices to refer
to [I7, Ch. VI, §§1-2].) We stated Assumptionto clarify that any construction
achieving these properties would serve the same purpose.

Admitting Assumption from now, the principle bundle p, extends canon-
ically to a principal bundle E52" over ME;ZTE by setting

can d can can :
gPo = 7ISOH10(§) ﬁM%i,rz ((ﬂlR(GMH/MH) ) < N >/\ ’ ﬁM%i’,rZ (1)7@éV/M;3TE)’

(Lo ® LY)(1) ® Ougr,, (- - eans Ontgr, (1), L (1) © Oy ),
F) , = F) ,
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and the principle bundle &y, extends canonically to a principal bundle & over
M5, by setting

ENty = Isﬂo§ﬁM%T2 (Lieg jmgr, > Omsgry, (1)), (Lo (1) % Owmgr,» Omggr (1)))-

Definition 5.2.10. Let E be any Fj-algebra. For any W € Repg(Po), we define
Po® E
FI

5Cdl’l ( ) (ngIl ) XO '[/I/"

called the canonical extension of Eme(W), and define

ERL(W) = EW) @ o,
Ousgs
called the subcanonical extension of &p, g(W), where Ip__ ,, is the Opyer_-ideal
defining the relative Cartier divisor Do 3 := MY* —My (with its reduced structure).

Lemma 5.2.11. Let E be any Fjj-algebra. If we view an element in W € Repg(My)
as an element in Repp(Po) via the canonical morphism Py — Moy, then we have
canonical isomorphisms

Mo @ E

o

SR V) = ERE (V) = (& 5 B) < W

and
gbub ( ) gsub ( ) _ gcan ( ) ® jDoc,’H'
M5
We call EG? (W) (resp. EfP (W) the canonical extension (resp. subcanon-
ical extension) of &m, (W) over My ? E associated with W.
0

By abuse of notation, we shall also denote by the subscript “C” the pullbacks
of various objects under the morphism Shi}" Salg = M%—?X}(CL@Q — M5 =

M%‘fz ® C. Moreover, we denote the analytifications of the various objects by re-
placmg the subscripts “C” with “
Theorem 5.2.12. Suppose G®Q, X, and X are chosen such that Shy; and Shto}r

make sense in [18], in [19] §2], and in our theory. (In this case, ¥ is smooth and
satisfies [23, Cond. 6.2.5.25 in the revision|.) For any W € Repe(Po), the bundle
Epy,an(W) defines an automorphic bundle over Shy, and the bundles Eg3",, (W)

an

and SIS;.Uban(W) define respectively the canonical and subcanonical extensions of

Epy,an(W) over Shi's,, in the senses of [I8, §4] and [19, §2]. (The analogous state-
ment for W € Repc(Mg) follows consequently.)

Proof. Given a triple (V,g,£()) inducing a rational boundary component of
X x G(A™®), let F9 be associated with (V,g) as in §3.1) and let other related
objects be defined accordingly.

At the point of ng)\Xo represented by some h € X, the fiber of the analytifica-
tion of the pullback of (H{™(Gm,,/M#), (-, - )x, ﬁMH(U,@gmH/MH) t0 Shi's; alg
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can be canonically identified with
Z

When we vary h holomorphically in Xy, it is exactly the maximal totally isotropic
O ® C-submodule Py, of L) @ C that varies accordingly. Therefore, our construc-
zZ Z

tion of Ep, (W) in Definition using Ep, implies that Ep, an(W) coincides with
the construction in [I8) §1] using the Borel compact dual of Xg.

Suppose no longer that h lies in Xo, but that h lies in Uj g (C) Xo = xg(g’.
Then Py, still represents a maximal totally isotropic O%C—submodule of L%}C,

although it might not satisfy the positivity described in of Lemma [2.1.2
Since the action of Uy g (C) does not modify the exact sequence (3.5.1)), the
identification Pj = @é;,g/c(l) is valid for all h € Uy () (C) Xo, extending the

identification for h € Xo. This allows us to descend the family of tuples (5.2.13)

(9 @ o
to XE'”, or rather to F;g ’h\(Fg_lg Un\XE“) " Over the interior of the closure of

E_(5(C)
9 g ®
F;( )’U2\X0 in (Fsi )’UZ\XS@) % Eq>§j) (C)(0), the pullback of the descended
family of tuples over X‘i(m agrees with the pullback of the analytification of
(E?R(GMH/MH>%H7 < R ><>:\an7 ﬁM%i,rz (1)7 Lieév/l\/@fz)’
Therefore, our construction of E5*"(W) in Definition [5.2.10] using E52" implies
that £52" (W) coincides with the construction in [I8] §4] using pullbacks of descents

Pp,an
. (9) (9)
of automorphic bundles to I‘I;_Lg ’h\(F;{g ’Ul\Xﬁ(m).
Since the isomorphism Sh;i),rz,alg — Mg-(z,rE,C,L@aQ in Theorem [4.1.1| preserves the
Z

stratifications, the case of 5", (W) follows from the case of E&, (W). O
Remark 5.2.14. According to [19 §2], the coherent cohomology of the canonical
(resp. subcanonical) extensions of automorphic bundles can be represented by dif-
ferential forms that are slowly increasing (resp. rapidly decreasing). Moreover,
according to [0, §3], nondegenerate limits of discrete series (not necessarily holo-
morphic ones) can be realized in such coherent cohomology spaces. Therefore, by
taking integral models of Mi9'y; and £ (using [23] and [22]), Theorem |5.2.12| al-
lows us to define (at least abstractly) the notion of integral structures on these
spaces (at the good primes).

From now on, let us fix the choice of a triple (V,g75(9)) inducing a rational
boundary component of X x G(A>), and let F9) and (z(9), ®(9), §(9)) be associated

with (V, g,e(9)) as in

Definition 5.2.15. The principal My-bundle over C’q)(m 59 is the Mq-torsor
H UH

(9) 5(9)
@37 ,857

-—_ 3 \/
SMO = ISOIIIO® 6o ((Llegv,h/c () ()’ ﬁCé(g) 5(9) (1))’
Z LEVARLEv] HOOH

240 549

(Ly(1) ® Oc
2

with conventions as in Definition[5.2.5]
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(9) 5(9)
Then we define Eﬁfj’é&“ (W) for any F{-algebra E and any W € Repg(My) as

59 o 50
(W) and Enmila (W) for W € Repe(Mo)

n

(9)
in Lemma [5.2.8, and we define Sﬁ?’(é
with abuse of notation as above.

Lemma 5.2.16. For any W € Repc(My), there is a canonical isomorphism

tor % gocan
(x@g.{q>75§f>7a7(c — Shygs aig)” Enty,c (W)
e SO
~ ,
= (Ratp 9 0~ Cap o9 ' Eoie
Proof. This is because of the canonical isomorphism
P

tor * 1.V
(xé(ﬁ)’égj)ﬁyc - ShH’E’a’lg) Ller/M%‘?fZ

~YS
(X (o) (o) — C (o) <o) *Lievv, .
Fop o900 7 Cotpap.e) Lecrse, g o)

The proof of Theorem [5.2.12] implies:

Corollary 5.2.17. With settings as in Theorem [5.2.12], suppose W € Repg(Mp).

Then the sections of Exp (W) invariant under the action of Uy pi) (R) descends
,5(9)

(9)
to sections of Sﬁ?f’ an b (W). This identification is consistent with the analytification
of the canonical isomorphism in Lemma [5.2.16]

5.3. Fourier—Jacobi expansions. We shall focus on the category Reps(Mp) in
this section, and the global sections of the associated automorphic bundles.
First let us explain the analytic Fourier—Jacobi expansions.

Lemma 5.3.1. The group U, = Centgr)(ho), defined in as the stabilizer of
ho under the conjugation action of G(R), can be identified canonically as a subgroup
of Po(C). The composition Uss — Po(C) — Mo(C) is injective and identifies
My (C) with the complezification of Us,. Consequently, two objects in Repe(Mp)
are isomorphic if and only if their restrictions to Uy, are isomorphic.

Proof. If we consider the Hodge decomposition L ® C = Py, & V; (splitting 1|
Z
defined by mapping V; to be the subset of L ® C on which ho(z) acts by 1® z,
zZ

then the elements in G(C) stabilizing the Hodge decomposition gives a well-known
splitting of Po(C) — Mo(C). Now it suffices to notice that an element in G(C)
stabilizes the Hodge decomposition if and only if it lies in Centg(c)(ho). O

Lemma 5.3.2. Let W € Repp(Mg). Then Emy,an(W) — Shy is canonically iso-
morphic to
Uso
GQN(G(R) x W) x G(A%)/H = G(Q\G(A) [UH

Therefore, for W € Repc(My), the sections of Enyan (W) — Shy can be represented
by functions f : G(A) — W satisfying f(ygusou) = ulf(g) for v € G(Q), g €
G(A), U € U, and u € H.

By Corollary [3.6.10} elements £ in S ) ® Q correspond bijectively to smooth
vz

functions g : Uy po) (A) — C* satisfying qe(vg) = qe(g) for any v € Uy 5oy (Q) and
g € Ugpo(A). (Here smoothness on the factor U, g (A™) of Us p(e) (A) means

right invariance by some sufficiently small open compact subgroup.) If £ € S o)
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then the corresponding function g is right-invariant under Uj g (A*) N'H, and

vice versa. Such functions gy correspond canonically to the algebraic characters
can.

~

of T%, U3\ Uy zs) (T) Ey0(C). Tf we denote by Wy s o(£) the pullback of
the line bundle W ) s (£) over Cyplo st (as in [23, §6.2.4]) under Co) 50 ¢ =
HOOH H O EVARL T

C’q)(g) 59 then we can describe sections of the line bundle \Ifq}(g) 59 (C(E) over
H OUH 2 292

Cpto) 5t by multiplying g, by a function on le(g). (See Lemma [3.5.11 and Corol-
H %
lary [3.5.12])

Suppose f is invariant under . Then the integral

Jflf?@ 50 (f) = f(ng) ge(n)~* dn

/U“(g)((@)\UQ,F(g) (A)

is nonzero only when ¢ € S This allows us to write f as an infinite sum

() -
@3

f= Z FJ;?;;)[;(.(;) (f) qe-

ées(bgj)

Here each coefficient FJ(em 5D (f) represents a section of Eyp, an(W) invari-

ant under the action of U27F<g) (R) on Xy. By Corollary each function
(9) 5(9)
FJ‘(;()q) 5D a ( f) represents a section of ﬁlﬂ;ﬁ” (W) over XE'. Therefore, each

function FJ¢ ( f) qe represents a section over X§<g) of the vector bundle

(9) §(g)
29 509
Voo s cll) @ Egan™ W) over Cyor 56 -

Col) 5(9) ¢
HOOTH
Definition 5.3.3. The ¢-th analytic Fourier—Jacobi morphism

FJ : D(ShiYs, £G4 (W)
105, ,an ’

Mo,an

) 50
- F(C¢gg>,5§3>,c’ \Ilégy’ég? (0) ® Entl i (W)

le
( )
¢;9),5$f ,C

(along (29, ®(9) §9))) is defined by sending a section represented by some function
f:G(A) = W to the section represented by FJ(E(Q> D (f) qe.

On the other hand, algebraic Fourier-Jacobi expansions are defined simply
using the geometric structure of the boundary. According to the construction

of Xy s — Ci 5 ~ as a formal completion, we have a natural
FYARLY] ,0,C qD,H 767—{ ,C
homomorphism (Xgw 5600 50 = Cow 50 c)x O% o . 7 T gl 500 (F)
HOUH HOUH %4 0C /cS (g)

'H
of Oc ., (, -algebras. By Lemma |5.2.16, we have the composition of canonical
<I>,H ’J'H ,C
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morphisms
L(Sh3.'s: atg» Exty.c (W)
- F(35q>gg>,a;§>,a,<c» (xq>§j),6§f),a,<c - Sh;ft),rE,alg)* Mo.c (W)

(9 sl
o~ * H OUH
= F(%éﬁjksgj),a,«:’ (%qﬁg%(sgj),a,(@ - Cégg),agj),cc) Enge ™ (

ORI
— H F(C¢g>’5§f>»c’w¢gf),5gf>(£) ® SMO@ (

C
¢€S,(5) 29 59 ¢

denoted by FJq)m 5095 which we call the morphism of algebraic Fourier—Jacobi
H TH
expansions.

Definition 5.3.4. The ¢-th algebraic Fourier—Jacobi morphism

(0) . tor can
FJ ) s L(Shigs alg Extg,c (W)
HOOH
¢(9)’5(g)
= D(Cyo 50 ¢ Yo 5000 (0) ® & (W
HOOUH H OYH ﬁc )
2(9) 5(9) o
HOOH

(along (219, ®9) §9))) is the (-th factor of the morphism FJ

Fourier—Jacobi expansions.

ol 5 of algebraic
H OTH

0

can be canonicall
@;;‘Z) ,6;_‘27) ,an Yy

Theorem 5.3.5. For any { € S, the morphism FJ
H

identified with the analytification of FJEI%)’&%),

Proof. This follows from the above constructions and the second statement of Corol-

lary O

Remark 5.3.6. Suppose Gr';, = {0}, or equivalently Geri) = {0} or

Grz_(i) = {0}. Then Cy) s  is zero-dimensional (and reduced), and sections of
EYARLE VAR
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F(Cq)gf)’[;gyﬂ,‘llq)(ﬁ)’ég) (é)ﬁ ® Eviiic ™ (W)) are represented by W-valued

el 50 ¢
functions on a finite set. In :qul{ cases, the Fourier-Jacobi expansions are often
called g-expansions (because no “Jacobi theta functions” are involved), and
Theorem says that the analytic and algebraic g-expansions agree under the
canonical identifications.
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