ALGEBRAIC TORI AS DEGENERATIONS OF ABELIAN
VARIETIES

KAI-WEN LAN AND JUNECUE SUH

ABSTRACT. We first show that every algebraic torus over any field, not neces-
sarily split, can be realized as the special fiber of a semi-abelian scheme whose
generic fiber is an absolutely simple abelian variety. Then we investigate which
algebraic tori can be thus obtained, when we require the generic fiber of the
semi-abelian scheme to carry nontrivial endomorphism structures.
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1. INTRODUCTION

We start with a well-known example, the Dwork family of elliptic curves
XP+Y3 4+ 2% -3tXYZ =0

over the projective line ]P’(%2 over Q, where ¢ is the affine coordinate, with the identity
section given by the point at infinity [X : Y : Z] = [1: —1:0]. It also doubles as
the modular curve of level 3.

It has bad, semistable reduction at ¢ = oo and the third roots of unity. The
corresponding Néron model has the split torus as the identity component of the
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fiber at ¢ = oo (because the equation becomes XY Z = 0), but at t = 1 we get a
nonsplit torus 7" that sits in the short exact sequence

Norm,

1 ——T —— Resg(y=3),0 Gm — Gm — 1,

where Norm denotes the norm homomorphism of the quadratic extension Q(1/—3)
over Q. This leads to the following natural question:

Question 1.1. To which algebraic tori can abelian varieties degenerate?

However, this question turns out to be a bit naive, in the sense that it allows
an answer that is somewhat shallow. Indeed, as we shall explain in the main text
with more details, the question can be rather easily reduced to the case of the split
one-dimensional torus Gy, by finite étale descent, where an affirmative answer is
provided by the classical theory of Tate curves. The generic abelian variety obtained
this way will be geometrically the n-fold product of an elliptic curve without CM
(complex multiplication), where n is the dimension of the torus.

A better and deeper question is the following:

Question 1.2. To which algebraic tori can absolutely simple abelian varieties
degenerate?

Here, as usual, an abelian variety is called absolutely simple if its base change
to an algebraic closure of the base field is not isogenous to a nontrivial product of
abelian varieties of smaller dimensions.

For the distinction between Questions [I.1] and [I.2] an apt analogy can be made
with complex moduli of abelian varieties. To a simple algebra B with involution
of types I-IV and a fixed complex representation of B, one attaches the moduli
of polarized abelian varieties with endomorphisms of the given type. One expects,
and can prove in most cases, that a very general member in the moduli has an
endomorphism algebra no bigger than B; the rough idea is that those abelian va-
rieties with more endomorphisms than prescribed should form a “thin” or nowhere
dense subset. However, a careful proof is necessary, as there are exceptional cases
where a very general member is not even simple (see [20, Sec. 4, Thm. 5 and Prop.
14, 15, 17, 18, and 19] or [2, Thm. 9.9.1]).

Our main theorem answers Question in the affirmative, for all algebraic tori
over all base fields:

Theorem 1.3. Let T be any algebraic torus over any base field k. Then there exists
a semi-abelian scheme G over a noetherian normal base scheme S with a k-valued
closed point s € S(k) generalizing to a generic point n such that the following hold:

(1) the special fiber G is isomorphic to T over k; and

(2) the generic fiber G, is an absolutely simple abelian variety.
More precisely, we may take S to be of one of the following three kinds of Dedekind
schemes:

(a) the spectrum of any complete discrete valuation ring, which can be freely
prescribed (independent of T), with residue field k;

(b) a certain connected smooth curve over k (depending on T') with a k-valued
point s; and

(c) (when k is a finite field) a certain “arithmetic curve” (depending on T),
i.e., an open subset of the spectrum of some number ring, with a closed
point s corresponding to an unramified prime ideal with residue field k.
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In case T has dimension one, we can exhibit the desired semi-abelian schemes
G over Dedekind S for each nonsplit torus 7" explicitly: Such tori are classified by
the separable quadratic extensions of k, and we can write down suitable Weierstrafl
equations with special fibre T. (The generic absolute simpleness is automatic in
dimension one.)

However, in dimensions n > 2 (already for n = 2), we quickly lose explicit control
on both sides: The isomorphism classes of n-dimensional tori over k are in one-to-
one correspondence with the isomorphism classes of continuous representations

p: Gal(k®/k) — GL,(Z),

where k° denotes any separable closure of k, on the discrete module Z™ (correspond-
ing to the Galois actions on the character groups of the tori), and it seems hopeless
to classify them completely. On the other side, we do not have a good way of
writing down families of general abelian varieties using explicit equations. In order
to solve the problem, we use the theory of degeneration of polarized semi-abelian
schemes (as in [I§], [7, Ch. II and III], and [14], Ch. 4]).

After the main theorem, it is natural to ask a similar question with the additional
condition that the (absolutely simple) generic abelian variety should be equipped
with nontrivial endomorphisms. (Such endomorphism structures then necessarily
and uniquely extend to the whole semi-abelian scheme; see [19, IX, 1.4], [7, Ch.
I, Prop. 2.7], or [14, Prop. 3.3.1.5].) We will also answer this question, with an
affirmative answer similar to Theorem [1.3| (except in two special cases).

We note, however, that Question [[.2] and its analogue as in the last paragraph
are not about the fibers of the tautological semi-abelian schemes carried by the
toroidal compactifications of the Siegel moduli stacks or more general PEL moduli
problems constructed in [7, Ch. IV] and [I4} Ch. 6], because only split tori are used
(and needed in the valuative criterion for properness) in the constructions there.
Nevertheless, our use of the theory of degeneration is inspired by such constructions.

Here is an outline of the article. In we construct explicit families for one-
dimensional tori. In §3] we review some basic facts about the descent data for tori,
and give the above-mentioned explanation why Question [L.1]is a bit too naive. To
attack Question in general, we recall relevant facts from the theory of degen-
eration in §4] Using this theory, we give the proof of Theorem [[.3] in §5] and §6]
Finally, in we turn to the conditions for tori to be realizable as the degeneration
of absolutely simple abelian varieties with nontrivial endomorphisms.

2. ONE-DIMENSIONAL CASE

Let T be an algebraic torus of dimension one over a field k. Let us fix the choice
of a separable closure k° of k. Then the action of the Galois group Gal(k®/k) on
the character group X*(T') = Z of T is either trivial (in which case T is split), or
surjects onto {£1}, corresponding to a separable quadratic extension k of k in k°.

Let R be any Dedekind domain and 98 = (7) a principal maximal ideal of R with
residue field k. (For example, R = k[t] and P = (¢).)

Proposition 2.1. Suppose that char(k) # 2, and write k= k(\V/b), where b € k is
a nonsquare element. Then for any lift b € R of b, the Weierstrafi equation

Y2Z = X® +6X%Z + 723
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over Spec(R) defines an elliptic curve over the fraction field of R, has semistable
reduction at B, and the fiber of the Néron model at *B is the k-torus on whose
character group Gal(k®/k) acts via the quadratic character of k/k.

Proof. The discriminant of the Weierstrafl equation (see [21, p. 180]) is given by
A = (—167)(4b> + 277).

This is nonzero, and is in fact a uniformizer, in Ry, since 2 is a unit in Rg; hence
the first assertion.
Let C denote the singular curve at B:

Y2Z = X3 +bX?27.
The complement of the unique singular point P =[0:0: 1] in C is the fiber of the
Néron model. We know that it is a one-dimensional torus, and that it splits over
k. Therefoze7 it is enough to show that it is not split over k.
Let 7 : C' — C be the blowup of C' at P, which induces an isomorphism C'\{P} =
C \ 7~1(P). Because the slopes of the tangent cone
y2 _ be
to C' at P are +v/b, which are not contained in k, the inverse image 7~ 1(P) consists
of one point of degree 2 on C. If C\{ P} were split over k, this would not happen. O

Proposition 2.2. Suppose that char(k) = 2, and k be a separable quadratic exten-
sion of k. Write k as the Artin—-Schreier extension k = k(«), where

a?+a+b=0,
and b € k. Then for any lift b € R of b, the Weierstrafy equation
Y?Z+XYZ=X*+bX?Z+nZ?

over Spec(R) defines an elliptic curve over the fraction field of R, has semistable
reduction at B, and the fiber of the Néron model at R is the k-torus on whose
character group Gal(k®/k) acts via the quadratic character of k/k.

Proof. The proof is parallel. We only note that the discriminant
A= —(1+4b)3r — 16 - 2772

is again a uniformizer in Ry, this time because 2 is in *B. O

3. DESCENT DATA FOR TORI

In this section, we review some basic facts about the descent data for tori. At
the end of this section, we explain that the rather naive Question [1.1] can be easily
reduced to the case of Gy,, which can then be answered in the affirmative by the
classical theory of Tate curves. In fact, the argument will also show that the con-
struction of degenerating abelian varieties can be made functorial (and compatible
with base field extensions) in the tori.

We start with the following basic fact:

Lemma 3.1. Let R be a complete noetherian local ring with residue field k. Then
pulling back from R to k induces an equivalence from the category of isotrivial
tori over R to the category of tori over k. (Recall that a torus is isotrivial if it
splits over a finite étale cover of its base scheme; see [0, 1X, 1.1].)
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Proof. This follows from [6, X, 3.3]. (Indeed, by [6], X, 2.1], all tori over s = Spec(k)
are isotrivial, and so the lemma is a consequence of [6 [ X, 3.2].) O

Now, suppose R is any complete discrete valuation ring with residue field k& and
fraction field K. Let S := Spec(R), n := Spec(K), and s := Spec(k). We shall
denote the pullbacks to 7 or s by subscripts 7 or s, respectively.

Suppose T is an isotrivial torus over S. Then there exists a finite étale extension
R of R, which we may and we shall assume to be a complete discrete valuation ring
as well, such that Tg := T®R is a split torus over S := Spec(R). Let K and k

denote the fraction and remdue fields of R respectlvely, and let 77 := Spec(K ) and
5 := Spec(k). By [8 V, 7, and 4 g)], up to replacing R with a further finite étale
extension, we may and we shall assume that K is a Galois extension of K. Again,
we shall denote the pullbacks to 77 or s by subscripts 77 or s, respectively.

Let X denote the character group of T, which is an étale sheaf of free abelian
groups of finite ranks over S. Then X is the unique étale sheaf lifting X, the
character group of Ts. Let n denote the relative dimension of T" over S. Then
there exists some isomorphism ¢ : Z* = X5, where we abusively denote by
Z™ the associated constant étale sheaf over 7), which induces a representation
p: Gal(K/K) — GLy(Z) giving the descent data for the étale sheaf X5. Since

R is finite étale over R, we have Gal(K/K) = Gal(k/k), and so p determines and
is determined by a representation Gal(k/k) — GL,(Z). Since the automorphism
group of any torus is canonically isomorphic to the automorphism group of the
associated character group, the representation p also defines the data for T (resp.
T;) to descend from T = G” = (resp. T5 = Gy, 5). (See, for example, [3, Ch. 6, Sec.
6.2, Ex. B] for an explanatlon that descent data for schemes with respect to the
finite étale base extension R — R as above are equivalent to actions of the Galois
group Gal(K/K) on the schemes.)

Conversely, any torus T, with character group X, over s canonically lifts to
an isotrivial torus 1" with character group X over S, by Lemma If Ty is
of dimension n, then we have trivializations & : Z" = X 5 and representations
p: Gal(K/K) = Gal(k/k) — GL,(Z) as above, for suitable choices of S, etc.

Proposition 3.2. Suppose Gy is a semi-abelian scheme over S with special fiber
Go,s = G s and with generic fiber G,y an elliptic curve. Suppose T is a torus over
s, and suppose S = Spec(ﬁ), ete, are as above. Then there exists a semi-abelian
scheme G over S such that Gs = T, such that Gy, is an abelian variety, and such
that G = G" . In particular, Question has an affirmative answer. Moreover,
for a fixed chozce of Go, the assignment of G to Ty is functorial (and compatible
with base field extensions) in the torus T.

Proof. By [19, XI, 1.13] (see also [I4, Rem. 3.3.3.9]), any semi-abelian scheme
over the noetherian normal base scheme S is equipped with some relative ample
invertible sheaf over S. By the theory of fpqc descent (as in [8, VIII, 7.8]), all
descent data for such quasi-projective semi-abelian schemes are effective. Since
the representation p : Gal(K/K) = Gal(k/k) — GL,(Z) defining the data for T
to descend from Tz = G:; 5 also defines some descent data for G 0.3" which are

effective as we have just eXplalned G" descends to a uniquely determlned semi-
abelian scheme G over S, whose generlc fiber G, is an abelian scheme because
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Gz = GQ’?] is; and whose special fiber G is canonically isomorphic to Ts because
their descent data are both given by p. Such an assignment of G to T is functorial
(and compatible with base field extensions) in the torus T because the construction
of G by descent depends only on the descent data for T and on the choice of Gg. O

Thus, we have reduced the more naive Question to the case of the one-
dimensional split torus Gy, (over any base field), which can then be answered by
the classical theory of Tate curves (see, for example, the rather universal construc-
tion over Z[[¢]] in [B, Ch. VII]). However, any G given by Proposition (or any
assignment that is functorial and compatible with base field extensions in Ty) must
satisfy Gy = Ggﬁ over some extension 77 of 1, which cannot be absolutely simple
when n > 1, and hence cannot be used to answer Question We need a theory
more general than that of Tate curves, which we shall review in §4] below.

4. THEORY OF DEGENERATION

Let R be a complete discrete valuation ring with residue field k£ and fraction
field K. Let S := Spec(R), n := Spec(K), and s := Spec(k). We shall denote the
pullbacks to 1 or s by subscripts n or s, respectively.

Definition 4.1 (cf. [I4] Def. 4.4.2]). With the setting as above, the category
DEG;C:;(R) has objects consisting of pairs (G, \) over S = Spec(R), where:

(1) G is a semi-abelian scheme over S;

(2) Gy is an abelian scheme overn, in which case there is a unique semi-abelian
scheme G (up to unique isomorphism) over S, called the dual semi-abelian
scheme of G, such that G,\7/ is the dual abelian scheme of Gy, (see [14} Sec.
3.4.3));

(3) Gs is a torus over s (in which case GY also is); and

(4) X : G — GV is a group homomorphism that induces by restriction a polar-
ization A, of Gy.

Remark 4.2. The definition of pairs (G, \) as in Definition extends verbatim to
the case where S is a noetherian normal local scheme, but we stated the definition
this way only because the theory of degeneration below requires R to be complete,
and we only need the special case over Dedekind domains.

Remark 4.3. By [19, XI, 1.13, and IX, 1.4] (see also [I4, Rem. 3.3.3.9 and 4.4.3, and
Prop. 3.3.1.5]), any semi-abelian scheme G over a noetherian normal domain R that
is generically an abelian variety is automatically equipped with a homomorphism
A : G — GV that is generically a polarization (of an abelian variety). In particular,
any semi-abelian scheme G over S satisfying the first two conditions in Definition
4.1]is automatically equipped with some homomorphism A : G — GV satisfying the
last condition in Definition {1l

By the theory of degeneration data (see [I8]; see also [7, Ch. IT and III] and [14]
Ch. 4; see, in particular, Cor. 4.5.4.31], with all abelian parts in the degenerations
suppressed; or see, for example, [16, Sec. 2.7], for the corresponding rigid analytic

theory, which is in some sense simpler), there is an equivalence of categories
Mpoi(R) : DD2I(R) = DEGRI(R) : (X, Y, ¢,7) = (G, })

tor

realizing (G, \) (up to isomorphism) as the image of an object in DD}

by the following data:

(R) given
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(1) Two étale sheaves X and Y of free abelian groups of finite ranks over
S, together with an embedding ¢ : ¥ — X with finite cokernel. (Here
¢ : Y — X corresponds to the isogeny of tori 7" — TV uniquely lifting
Gs — GY, by Lemma Beware that the notation for objects related to
the degeneration of Gy, such as T", is only symbolic in nature.)

(2) A bimultiplicative homomorphism 7 : Y, xX, — G,y of étale sheaves
over 1 with symmetric pullback under Idy x ¢ : Y x Y — Y x X, satisfying
the following positivity condition for some (and hence every) finite extension
K of K as in §3| over which both Xy and Y5, where 7 := Spec(f(), are
constant: We have v(7(y, ¢(y))) > 0 for every nonzero section y of Y,
where ¥ : KX — Z is any nontrivial discrete valuation of K.

We say that (X,Y, ¢, 7) is the degeneration data of (G, \).

Remark 4.4. The bimultiplicative homomorphism 7 : Y, X X, — Gy, ;, induces (by
the definition of X as the character group of T') a homomorphism

(4.5) LY, =1y,

which is a generalization of the familiar Tate periods in the case of relative dimen-
sion one (i.e., of Tate curves). Nevertheless, we will not need ¢ in what follows.

5. CONDITIONS FOR DEGENERATIONS

Let R, k, K, S, s, and 1 be as in the beginning of

Suppose that we have tori Ts and T over s = Spec(k) with character groups X,
and Y, that are étale sheaves of free abelian groups of finite ranks, together with an
embedding ¢, : Y, < X with finite cokernel inducing an isogeny Ar, : Ts — T .
(Certainly, we allow ¢s and hence Ar, to be isomorphisms.) In this section, we
shall find necessary and sufficient conditions for the existence of an object (G, \)
in DEG{%(R) such that A, : Gy — GY can be identified with Ar, : Ty — T,/ (via
some isomorphisms Gs = Ty and G = T over s), and such that G, and hence
G;/] are absolutely simple abelian varieties.

By Lemma the embedding ¢ : Y, — X _ lifts to an embedding ¢ : ¥ — X
with finite cokernel over S of étale sheaves of free abelian groups of finite ranks,
inducing an isogeny Ar : T — TV (between isotrivial tori) lifting Ar.. Let S, etc,
be as in §3[such that both X o and X;] are constant of some common finite rank n,
so that there are isomorphisms & : Z* 5 X 7 and § vV.ozr 5 Y;; and representations
p: Gal(K/K) = GL,(Z) and p¥ : Gal(K/K) — GLy,(Z) defining the descent data
for the étale sheaves X 7 and Zﬁ. Consider

(5.1) deev =€ ¢ € TN - I,
which defines an element of End(Z") N Aut(Q") = M, (Z) N GL,(Q).
Lemma 5.2. We have
Peev (0¥ (7)2) = p(7)(de e+ (2))
for all y € Gal(K/K) and z € Z".

Proof. This is because ¢ : Y — X is a morphism defined over S. (]



8 KAI-WEN LAN AND JUNECUE SUH

Proposition 5.3. With the setting as above, with the fized choices of some &, £V,

p, and p", the datum of an object (G, \) of DEG;%rI(R) (as in Deﬁm’tz’on such

that \s : G5 — G can be identified with Ar, : Ts — T (via some isomorphisms

Gs 2 Ts and GY = T, over s) is equivalent to the datum of a bimultiplicative

pairing

(5.4) (- )rgev L' XL — K

satisfying the following conditions:

(1) (Galois equivariance:) (p"(7)2, p(1)i)r.e.cv = (2 w)re.cv for allz,w €

Z" and v € Gal(K/K). (Note that the action of Gal(K/K) on K* here
is the naie one, because K> s just the group of points of Gy, over n =
Spec(K), and Gy, is already defined over n = Spec(K) or rather Spec(Z).)

(2) (Symmetry:) (z,¢¢ev(w))rgev = (W, Peev(2))rgev for all z,w € 7.
(3) (P051t1V1ty) U((z, de.ev(2))reev) > 0 for every nonzero z € Z™, where

‘KX > Zis any nontrivial discrete valuation ofK

Proof. This follows from the theory reviewed in by base change to 7, by pulling
back under £¥ x £, and by descent (as in the proof of Proposition . (]

Proposition 5.5. In the setting of Propositz'on if the pairing (-, - )r.e.ev cor-
responding to (G, \) satisfies the additional condition that

(5.6) <Z,w>.,.7,57,gv #1

for all nonzero z,w € Z", then G,, and hence G)]/ must be absolutely simple.

Proof. Suppose G, is not absolutely simple. Then there exists a finite extension
K’ of K over which the base change of G, is isogenous to a nontrivial product of
two abelian varieties of smaller dimension. By the theory of Néron models (see, in
particular, [3l Ch. 7, Sec. 7.4, Thm. 1]), up to replacing K’ with a finite extension,
we may assume that these two abelian varieties extend to two semi-abelian schemes
G and G, respectively, over the integral closure R’ of R in K’. Since the theory
of degeneration in §4] is an equivalence of categories, there exist some nonzero
z,w € Z™, which are the images of some elements of the character groups of the
torus parts of Gy and G, such that (z,w),;¢¢v =1 (in K’, and hence also in I?)
This contradicts the condition in this proposition, as desired. (I

In the remainder of this section, let us show that the conditions in Propositions
and can indeed be achieved by some bimultiplicative pairing (-, - )¢ ¢v.

Lemma 5.7. There exists 0 € R* such that {79}7€Ga1 (R/K) form a free R-basis
ofR and such that the reductions {0} EGal(R/K) ink form a k-basis ofk‘

Proof. Since Gal(K/K) is a finite group, the group algebra R[Gal(K/K)] over
R is an R-order (see [I4] Def. 1.1.1.3]) in the finite-dimensional group algebra

K|[Gal(K/K)] over K. Since R is finite étale over R, we have Gal(K /K) = Gal(k/k)
as groups, and R[Gal(K /K)] % k = k[Gal(k/k)] as group algebras over k. By apply-

ing the normal basis theorem (see, for example, [I5, Ch. VI, Sec. 13]) to the finite

Galois field extension k/k, we have k = k[Gal(k/k)] as left k[Gal(k/k)]-modules.
Therefore, since R is local with residue field k, by [14] Lem. 1.1.3.1] (which is a
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consequence of the usual Nakayama’s lemma for finitely generated R-modules), we
have R = R[Gal(K/K)] as left R[Gal(K/K)]-modules, and the lemma follows. O

Lemma 5.8. There exists uy € R* such that the Galois conjugates
{’YU’O}weGal(f{/K) are multiplicatively independent in the sense that, if

I[I Gu)~=1

vEGal(K/K)

in RX for some integers {Cv}yeGal(f{/K)? then these integers are all zero.

Proof. Let I and I denote the maximal ideals of R and R respectively, which satisfy
I =1- R because R is finite étale over R. If char(k) = 0, we set § = 0. Otherwise,
we have char(k) = p for some rational prime number p > 0, and we fix the choice
of any integer § > 0 such that the multiplicative subgroup 1+ I3 of R* does not
contain any nontrivial p-th roots of unity. (Such an 1nteger & always exists, because
there are only finitely many p-th root of unity in K or any field, and because Ris
I-adically separated.)

Let 6 € R* be as in Lemma let @ be any uniformizer of R (which is then
also a uniformizer of E), let § be as in the previous paragraph, and let

up =1+ 00 € 14+ 110 ¢ R,
We would like to show that wug satisfies the requirement of this lemma; namely, if
(5.9) I[I Gu>= I a+eo=")~=1
veGal(K /K) veGal(K/K)

in 1+ 79 ¢ R* for some integers {C’Y}'yeGal(K/K)’
Suppose, to the contrary, that the relation holds for some integers
{c.y}veeal(K/K) that are not all zero. First, suppose char(k) = 0. Then Q C k,

and the relation (5.9)) implies that
Z e (v0) =0
veGal(K/K)

in k, by considering the images of the terms in (5.9) in (14 I'9)/(1 + I2T9) =~ k
(where § = 0). This contradicts the linear independence of {75}7 CGal(R/K) OVer

then these integers are all zero.

k. Otherwise, suppose char(k) = p > 0. Then there exists some power ¢ of p such
that ¢|c, for all v € Gal(K/K), but (pq) { ¢4, for at least one vy € Gal(K/K), s
that the reductions {¢, := (c,/q) mod p} are not all zero in F, C k. By the ch01ce

of 4, the multiplicative subgroup 1+ 1 1149 of RX cannot contain any nontrivial p-th
roots of unity, and consequently the relation still holds with the c, replaced
with ¢, /q. After such a replacement, again by considering the images of the terms

in (5.9) in (1+1%)/(1 4 I219) = k, we get that
Z Ev(7§> =0
veGal(K/K)

in k. This again contradicts the linear independence of {’y@}veGal( R/K) Over k.

Thus, the integers {c,} must be all zero, and the lemma follows. O

vEGal(K/K)
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Lemma 5.10. For any integer N > 1, there exist elements uy,usg, ..., uy in R
that are multiplicatively Galois independent in the sense that, if

[T Guyer =t

1<i<N;yeGal(K/K)

in R* for some integers {Ciw}lgz‘SN;’yeGal(f(/K)’ then these integers are all zero.

Proof. Let ug € R* be as in Lemma and let w be a uniformizer of R (which
does not have to be the same as the uniformizer in the proof of Lemma [5.8). Let
us choose elements ¢y, ¢2,... ¢ty In K X that are algebraically independent over the

subfield K, of K generated by w and the finite subset {’WO}»yeGal( 7Ky over its
prime subfield. This is possible because the transcendence degree of K over its
prime subfield is (uncountably) infinite. For each 1 < ¢ < N, up to replacing ¢;

with a suitable multiple by a power of w, we may assume that t; € R*. Let
u; = 14 ugt;w € EX,
so that
Yu; = 1 + (’}/’U,())ti’w S RX,

for each 1 <14 < N. We would like to show that these elements {u;}1<;<n satisfy
the requirement of the lemma; namely, if

(5.11) II  Guwe - [I O+ Guotm)e =1

1<i<N;v€Gal(K/K) 1<i<N;y€Gal(K/K)

for some integers {Ci»’Y}1<i<N-'yeGal(I}/K)’ then these integers are all zero.

For all ¢ and ~, set c:fﬂ{ = ¢;y and ¢; . = 0 when ¢; , > 0, and set c;f,y =0 and

iy
€; = —Ciy when ¢; , < 0. Then the relation 1) implies that

ct c,
(5.12) H (L4 (yuo)tiw)n = H (1 + (yuo)tiw)n.

1<i<N;y€Gal(K/K) 1<i<N;y€Gal(K/K)

Since t1,t9,...,ty are algebraically independent over the subfield I}o of K , the re-
lation is possible only when the corresponding “polynomials” in t1,%s,...,tN
(with coefficients in I?O) on the two sides match. In particular, for each 1 <i < N,
by comparing the nonzero top degree “monomials” purely in ¢; (with coefficients in
I~(0) on the two sides, we have (by comparing exponents)

+ _ —
Z Ciy = Z Ciy
veGal(K/K) yeGal(K/K)
in Z>g, and have (by comparing coefficients, after cancelling powers of w)

(5.13) [[ tw= I Gur

veCGal(K/K) v€eGal(K/K)

in R*. By the assumption on wug (satisfying the requirement in Lemma , and

by the definition of Ci_v and ¢; | oy this last relation 1D forces all c;fv, C; s and ¢ 5

to be zero, for all y € Gal(K/K), as desired. O
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Proposition 5.14. There exists a bimultiplicative pairing
<', ~>T’§’§v YA/ —)]’?X
as in (5.4) satisfying all the conditions in Propositions and .

Proof. Let

(+,)0:2"xZ" =17
be any positive definite (symmetric) bilinear pairing. Let eq,...,e, denote the
standard basis vectors of Z", let w be any element of K* of positive valuation, and
let {u;;}1<i<j<n be elements in R* that are multiplicatively Galois independent as
in Lemma Then we define a symmetric bimultiplicative pairing

() ) :Z" X Z" — K~
by setting

<6i7 6j>1 = ul-j . ’(D<ei’ej>0
for all 1 < ¢ < j < n, and by extending the values of the pairing to the whole
domain Z™ x Z™ by symmetry and bimultiplicativity. Next, we define a symmetric
bimultiplicative pairing

(+y )2 Z"XZ" - K~
satisfying the Galois equivariance

(5.15) {(p(m)z, p(Y)w)2 = y(z,w)2
for all v € Gal(f(/K) and z,w € Z", by setting

(5.16) (zwpa= J[ v ez p()wh
yeGal(K/K)

for all z,w € Z". Finally, we define the desired bimultiplicative pairing

<-7 ~>T,5’5v A —}[?X
by setting
(517) <va>‘r,§,§v = <¢§,§v (2)7w>2
for all z,w € Z™, where ¢¢¢v is as in (5.1). Then (-, - ), ¢ ¢v satisfies the three
conditions (|1f), , and in Proposition by the symmetry and positive def-
initeness of (-, -)o; by the definitions of the pairings (-, -); and (-, -)2; by the
choices of w (of positive valuation in K*) and {u;;}1<i<j<n (of zero valuation in
K*); and by Lemma and the relations lj and 1)

It remains to show that (z,w),¢¢v # 1 (as in (5.6))) for all nonzero z,w € Z".
Since ¢¢¢v is an embedding, by the defining relation (5.17)), it suffices to show
that (z,w)s # 1 for all nonzero z,w € Z". By the choice of {u;;}1<i<j<n, the
terms in the product (5.16) indexed by different elements v have multiplicatively
independent values (up to powers of @), and so it suffices to show that (z,w); # 1
for all nonzero z,w € Z". Suppose, to the contrary, that there are some z =

> ae;and w= > bse;, where (a;)1<i<n and (b;)1<i<n are nonzero n-tuples
1<i<n 1<i<n o o
of integers, such that (z,w); = 1. Then we have

(I teenr®) (T et ) =1

1<i<n 1<i<j<n
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in K X which implies that

(5.18) < H qu) . < H u?;bﬁbmj) 1
1<i<j<n

1<i<n

in R* (by pulling out all powers of @). By the choices of {u;}1<i<j<n again, the
identity (5.18) is possible only when

(519) aibj + biaj =0

inZ for all 1 <4 < j <n. Let ig (resp. jo) be the smallest index i (resp. j) such
that a; # 0 (resp. b; # 0), which exists by assumption. But then a;,b;, +a;, b, 7 0.
This contradicts the condition (5.19), as desired. O

Remark 5.20. If we start with any element w in K* of positive valuation and any
positive definite (symmetric) bilinear pairing (-, - ) : Z™ X Z™ — Z, and consider
the Galois invariant pairing (-, - )1 : Z" X Z™ — Z defined by the sum

(zwyi= Y (p(Mzp(wo,

yEGal(K/K)
then the bimultiplicative pairing (-, '>T,§,5v ST 77y KX defined by
(z,w)rgev = w'Peey Ghvin g fo

satisfies all the conditions in Proposition [5.3] However, by completion of squares,
there exists f € GL,(Q) such that (f x f)* o ({-,)1®Q) : Q" xQ" — Q de-
Z

composes as an orthogonal direct sum of pairings over one-dimensional subspaces.
Thus, when n > 1, no pairing (-, - ), ¢ ¢v defined as above can possibly satisfy the
condition in Proposition [5.5] Furthermore, by Proposition [5.3] and by the functo-
riality in the theory of degeneration in §4 some nonzero multiple of f defines an
isogeny between G5 and a product of one-dimensional abelian varieties (i.e., elliptic
curves) over 7. In particular, when n > 1, no G,, thus obtained can be absolutely
simple.

Remark 5.21. If we consider only K*-valued pairings
<-, ~>7—)§,£v A/ (g

satisfying all the conditions in Proposition then the Galois equivariance condi-
tion there becomes the simpler Galois invariance condition

(5.22) (0" (V)z, p(V)w)reev = (2, w)r e ev

for all z,w € Z™ and v € Gal(K/K). Since char(Q) = 0, and since Gal(K/K) is
finite, the (finite-dimensional) Q-subalgebra B of End(Q™) generated by the images
{p(q/)}veGal(f{/K) is semisimple (see, for example, [4, Thm. 15.6 and (25.8)]), and
the Z-subalgebra O of End(Z"™) generated by the same images is an order in B.
The anti-automorphism v — ! of Gal(K/K) induces an involution » : B — B
stabilizing O, which is positive in the sense that Trg,q(bb*) > 0 for all nonzero
b € B. (Such orders and algebras with positive involutions are exactly the ones

considered in the context of endomorphisms of abelian varieties; see below.)
Then the above condition (5.22)) can be rewritten as

<b2,’w>.,-’§’§v = <Z,b*’w>7-,£,£v
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for all z,w € Z™ and b € O. By Proposition [5.3} and by the functoriality in
the theory of degeneration in we obtain an injective homomorphism ig : O —
Endg(Gg), whose restriction iz : O — Endj(Gy) satisfies the Rosati condition
defined by the polarization Ay and by the involution x. (See the theory with endo-
morphisms in @ below. But beware that we cannot descend iz to a homomorphism
i: O — Endg(G) in general.) When B = O%Q is not a division algebra (which

is quite often the case), the injective homomorphism iz : O — Endy(G5) forces G
to be isogenous to a nontrivial product of abelian varieties of smaller dimensions,
in which case G, cannot be absolutely simple.

Ezample 5.23. In the context of Remark suppose kisa quadratic extension of
k, and suppose p : Gal(K/K) = Gal(k/k) — GLy(Z) maps the nontrivial element
of Gal(k/k) to the automorphism ¢ of Z2 swapping the two factors. Then O = Z[c],
and B = O(%Q = Q] 2 Q@ xQ is a product of two fields. Consequently, every

K*-valued pairing (-, -)r¢ev @ Z% x Z* — K* satisfying all the conditions in
Proposition defines an object (G, A) in DEG[2 (R) such that Gy is isogenous to
the product of two one-dimensional abelian varieties (i.e., elliptic curves) over 77, in

which case G;, cannot be absolutely simple.

Remark 5.24. The proof of Proposition [5.14] avoided the issues in Remarks
and by making crucial use of elements in K* that are multiplicatively Galois
independent as in Lemma [5.10

6. PROOF OF MAIN THEOREM

Now we are ready to prove our main theorem. Let us first state and prove a finer
statement for the case of degenerations over complete discrete valuation rings.

Theorem 6.1. Let R, k, K, S, s, and 1 be as in the beginning of . Given any
tori Ts and T, with character groups X, and Y, respectively, and an embedding
¢s : Y, — X, inducing an isogeny Ay, = ¢ : Ts — T (as in the beginning
of , there exists an object (G,\) in DEGo(R) (see Definition such that
As : Gs = GY can be identified with Ap, : Ts — T, (via some isomorphisms
Gs =T, and GY =T, over s), and such that G, is absolute simple.

Proof. This follows from the combination of Propositions and O

Thus, the case @ of Theorem over complete discrete valuation rings with
residue field k follows from the following:

Corollary 6.2. Given any field k and any complete discrete valuation ring R with
residue field k, any torus over k can be realized as the special fiber of some semi-
abelian scheme over R whose generic fiber is an absolutely simple abelian variety
(which can be principally polarized) over K.

Proof. By Remark it suffices to prove the assertion for polarized abelian vari-
eties, and so it suffices to apply Theorem to the given torus over k, with the
isogeny given by the identity morphism from this torus to itself. O

It still remains to prove the cases (b)) and of Theorem n We shall deduce
them from the case (ED of Theorem over complete discrete valuation rings, by



14 KAI-WEN LAN AND JUNECUE SUH

slightly modifying the argument in [7, Ch. IV, Sec. 4] based on Artin’s approxima-
tion. Let us retain the setting of Theorem but with the more specific choice
that R = k[[t]] (resp. the Witt vectors R = W (k)) in case (b) (resp. in case (d)).
Let I denote the maximal ideal of R.

Let Ry := k[t] (resp. a number ring with an absolutely unramified prime ideal 93
with residue field k, so that Ry is embedded in R via B-adic completion), and let Iy
denote the ideal () (resp. B) of Rg. Let Ry be the Henselization of Ry at I, which
is canonically a subring of R. (See, for example, [9, IV-4, 18.6].) Let I; denote the
ideal of R; generated by Iy, so that the maximal ideal I of R is generated by I;.
For 0 < j < 1, we shall denote the fraction field of R; by Kj; define S; := Spec(R;)
and 7; := Spec(K); and, by abuse of notation, still denote by s the closed points
Spec(k) — Spec(R;) defined by I;.

Proposition 6.3. Suppose Ry is a subalgebra of R that is of finite type over
Ry. Then, given any integer m > 1, the natural inclusion Ry — Rs has some
(homomorphic) section Re — Ry (depending on m) such that the composition
Ry — Ry — R coincides with the natural inclusion Ry — R after reduction modulo
I™ in R.

Proof. This follows from Artin’s approximation, as in [I, Thm. 1.10], because R; is
the Henselization of the excellent Dedekind domain Ry at the maximal ideal Iy. [

Theorem 6.4. Given any (G,)\) in DEG'(R) as in Theorem there ezists
some (G1, 1) in DEGL’Z)rl(Rl) (see Remark such that (G, A1) % k> (G,\) % k,

and such that the generic fiber G 5, is absolutely simple. Consequently, the special
fiber A\1s : Gis — GY , of Xo can also be identified with Ar, : Ty — T, (via some
isomorphisms Gy s = Ts and GY ; = T, over s).

These assertions remain true with S1 = Spec(R1) replaced with some connected
affine étale neighborhood s — U — Sy = Spec(Ryp) of s.

Proof. Since G — S = Spec(R) and GY — S are both of finite presentation,

and since R is the filtering direct limit (union) of its normal subalgebras Ry of

finite type over Ry, by [0, IV-3, 8.8.2], we may assume that there exist some such

Ry, some semi-abelian schemes Go — S := Spec(R3) and GV — S5, and some

homomorphism Ay : Go — GY such that (GQ,GQ/,/\Q)I(%@R ~ (G,GY,\). Since
2

the pullback of G2 and G3 to 7 are the absolutely simple abelian varieties G,, and
G/, respectively, by [, Ch. I, Thm. 2.10] or [14, Ch. 3, Thm. 3.3.1.9]; and by [19,
IX, 1.4], [7, Ch. I, Prop. 2.7], or [14, Prop. 3.3.1.5], there exists a nonempty open
subset W of Sy such that Ga|w and GY|w are abelian schemes whose fibers are all
absolutely simple, and such that A2 |y is a polarization of abelian schemes. Suppose
W is the complement of a closed subset of Sy defined by some nonzero ideal Jo of
R5. Since Ry C R, and since R is noetherian and I-adically separated, there exists
an integer m > 1 such that J; is not contained in I™. By Proposition there
exists a section Ry — Ry of Ry — Ry such that the composition Ry — Ry — R
coincides with the natural inclusion Ry < R after reduction modulo I™ in R.
Let (Gl, GY, )\1) = (GQ, Gé/, )\2) 1(? Rl. Then (Gl, GY, )\1) 1(?8 k = (G, G\/7 )\) % k
2 1 L

because m > 1. Moreover, J; has nonzero image in R; under fhe section Ry — R
above, and therefore the induced morphism S; = Spec(R;) — S = Spec(R3) maps
the generic point n; of S; to the above open subset W of Sy. Hence, (G1, A1)
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defines an object in DEG;‘;ﬁ(Rl), and the generic fiber Gy, is absolutely simple.
This proves the first paragraph of the theorem.

Since G; — S; and GY — S; are both of finite presentation, and since Ry
is the filtering direct limit of the coordinate rings of all connected affine étale
neighborhoods s — U — Sy of s, by [0, IV-3, 8.8.2] again, the second paragraph of

the theorem follows from the first, as desired. ([l

Now, since an étale neighborhood s — U — Sy of s is necessarily a smooth curve
over k (with a k-rational point lifting s, which can still be denoted s) in case (b))
(resp. an open subset of the spectrum of a number ring in case ), the cases
and of Theorem follow from the following;:

Corollary 6.5. Given any field k and any complete discrete valuation ring R with
residue field k, any torus over k can be realized as the special fiber of some semi-
abelian scheme over some connected affine étale neighborhood s — U — Sy of s
that is generically an absolutely simple abelian variety (which can be principally
polarized).

Proof. As explained in the proof of Corollary [6.2] this follows from Theorem [6.4]
just as Corollary does from Theorem (Alternatively, we could have approx-
imated the semi-abelian scheme in Corollary directly, using [9 IV-3, 8.8.2] and
Proposition as in the proof of Theorem aﬂ O

Remark 6.6. By the theory of Néron models (see, in particular, [3, Ch. 7, Sec.
7.4, Prop. 3]), the semi-abelian schemes in Corollaries and (where the base
schemes are Dedekind domains) are exactly the identity components of the Néron
models of their respective generic fibers.

7. NONTRIVIAL ENDOMORPHISMS

In this section, we investigate the analogue of Question [I.2] which requires addi-
tionally that the semi-abelian schemes are equipped with endomorphism structures.

Let O be an order in a finite-dimensional semisimple algebra B over QQ, and let
x : B — B be a positive involution (i.e., Trp/g(zz*) > 0 for all nonzero = in B),
which we assume to stabilize O. All endomorphism algebras of abelian varieties over
algebraically closed fields are necessarily of this form, with the involution x given
by the Rosati involution induced by some polarization. (See, for example, [I7, Sec.
20-21], which contains a treatment of Albert’s classification of finite-dimensional
division algebras over Q with positive involutions. See also [14, Prop. 1.2.1.13 and
1.2.1.14] for a summary of possibilities when B is simple.)

Let us first expand the review of the theory of degeneration in §4 Let R, k, K,
S, s, and n be as in the beginning of

Definition 7.1. With the setting as above, the category DEG%EO(R) has ob-
jects consisting of triples (G, )\, i) over S = Spec(R), where (G, ) is an object in
DEG%(R), and where i : O — Endg(G) is a homomorphism satisfying the Rosati
condition that X o i(b*) = (i(b))" o A as homomorphisms from G to GV, where
(i(b))” : G¥ — GV is the unique homomorphism (see [19, 1X, 1.4], [7, Ch. I, Prop.
2.7], or [14l, Prop. 3.3.1.5]) extending the dual homomorphism (z(b)):; LGy = Gy
of (i(b))y : Gy = Gy, for allbe O.
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Remark 7.2. As in the case of Definition [£.1]and Remark [£.2] the definition of pairs
(G, A\, i) as in Definition extends verbatim to the case where S is a noetherian
normal local scheme.

By the theory of degeneration data (for polarized abelian schemes with endo-
morphism structures; see [14, Sec. 5.1.1; see, in particular, Thm. 5.1.1.4], with all
abelian parts in the degenerations suppressed), there is an equivalence of categories

Mgg,0(R) : DD o(R) = DEGEE o (R) + (X, Y, ¢,7) = (G, A1)

realizing (G, \,4) (up to isomorphism) as the image of an object in DD%’E’FD(R)
given by the following data:

(1) The tuple (X,Y, ¢, 7) is an object in DD} (R), as in

(2) The étale shaves X and Y are equipped with the structures of étale sheaves
of left O-lattices (i.e., Z-lattices with left O-module structures), and the
embedding ¢ : X — Y is then O-equivariant.

(3) The bimultiplicative homomorphism 7 : Y, x X,, — G, is compatible

with the actions of O in the sense that (b x 1)*7 = (1 x b*)*r, forall b € O.

We say that (X,Y, ¢, 7) is the degeneration data of (G, A, 7).

Suppose that we have tori Ts and T over s = Spec(k) with character groups
X, and Y _ that are étale sheaves of left O-lattices, together with an O-equivariant
embedding ¢, : Y, — X, with finite cokernel, inducing an O-equivariant isogeny
Ar, : Ts — TY. By Lemma the O-equivariant embedding ¢, : Y, — X
uniquely lifts to an O-equivariant embedding ¢ : Y — X over S of étale sheaves of
left O-lattices with finite cokernel, inducing an O- equlvarlant isogeny Ap : T — TV
(between isotrivial tori) lifting Az,. Let S, ete, be as in -I and § isuch that there
are left O-lattices X and Y, isomorphisms & : X = X and &Yy 5 Y5, and
representations p : Gal(K/K) — GLo(X) and p¥ : Gal(K/K) — GLo(Y) defining
the descent data for the étale sheaves X, and Y, (of left O-lattices). Then we have
an O-equivariant embedding

(7.3) peev =6 dr & Y = X
with finite cokernel (cf. (5.1))), and the following obvious analogue of Lemma
Lemma 7.4. We have
Peev (pY(7)2) = p(7)(¢e,ev (2))
for all y € Gal(K/K) and z € Y.

Definition 7.5. Given left O-lattices M and M', and an abelian group M" (such as
Z or K*), we say that a (Z-)bilinear (or bimultiplicative) pairing (-, -) : M x M' —
M" is O-compatible if (bz,w) = (z,b*w) for allz € M, we M', and b € O.

Remark 7.6. By [14, Lem. 1.1.4.5], the O-compatible symmetric bilinear pairings
(+,+): M x M — Z (as in Definition [7.5] with M = M’ and M" = 7Z) are exactly
the traces of the Hermitian pairings (-, ) : M xM — Diffé}z valued in the

inverse different lefO/Z (see [14), Def. 1.1.1.8]).

Then we have the following strengthening of Proposition
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Proposition 7.7. With the setting as above, with the fized choices of some &, £V,
p, and p¥, the datum of an object (G, \,i) of DEGngErp(R) (as in Deﬁm’tion
such that \s : G5 — GY can be identified with Ar, : Ts — T (via O-equivariant
isomorphisms Gs = T and GY = TY over s) is equivalent to the datum of a
bimultiplicative pairing

(7.8) () Vreev 1Y XX = KX

satisfying the following conditions:

(1) (Galois equivariance:) (p"(7)2, p(7)W)r.cev = 7(2,whreev for all 2 €
Y,we X, and v € Gal(f(/K).

(2) (Symmetry:) (z,¢eev(W))reev = (W, Peev(2))reev forall z,w eY.

(8) (Positivity:) v((z,¢¢ev(2))reev) > 0, for every nonzero z € Y, where
0: KX > Zis any nontrivial discrete valuation of K.

(4) (O-compatibility:) (bz,w)r¢ev = (z,0*w),eev forall z €Y, w € X,
and b € O.

Let O, (resp. O_) denote the Z-submodule of O consisting of b € O such that
b* = b (resp. b* = —b). Note that O, NO_ =0 and 20 C O4 + O— C O, because
2b=(b+b*)+ (b—0b*) for all b € O. Let By (resp. B_) denote the Q-subspace of
B=0 (%@ spanned by O (resp. O_). Then O;+0O— C O induces By ® B_ = B.

We have the following rather elaborate analogue of Proposition [5.5

Proposition 7.9. In the setting of Proposition E: suppose that B = O®Q is

Z
a dwision algebra. Suppose that the pairing (-, -)reev corresponding to (G, )
satisfies the additional condition that

(710) <Z,U)>.,-75’£\/ 75 1

for all nonzero z € Y and w € X, except when ¢¢¢v(z) = cw for some nonzero
c€ B_. Then Gy, and hence G,\; must be absolutely simple, except when B belongs
to one of the following two special cases (see Remark below):

(A) The center F of the algebra B is a totally real field, and B ® R is iso-
F.,o

morphic to the Hamilton quaternion algebra H over R for every field ho-
momorphism o : F' — R, with the positive involution *x of B induced by the
canonical positive involution x +— Try/r(x) —x on H. (This is exactly the
third case in [14, Prop. 1.2.1.13].) Also, Y%Q = B as B-modules.

(B) The center F of the algebra B is a CM field (i.e., is a totally imaginary
extension of a totally real field Fy), and B = F. (This is a very special case
of the fourth case in [14, Prop. 1.2.1.13].) Also, Y ® Q & B as B-modules.

Z

Remark 7.11. The assumption that B = O® Q is a division algebra is natural for
z

our purpose, because the existence of any nontrivial idempotent in B will force G,,
to be isogenous to a nontrivial product of abelian varieties of smaller dimensions.

Remark 7.12. The two exceptional cases (Al) and in Proposition (and there-
fore also in Theorems [7.20] [7.22] and [7.24] below) are unavoidable for the following

reasons: Suppose (-, - )¢ ¢v is any pairing, with associated G over S, as in Propo-
sition For simplicity, let us identify Y with its image ¢¢¢v(Y) in X, and
suppress ¢¢ ¢v from the notation. In the case , there exist e, f € O_ such that
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B = B'® fB’ as modules of the (commutative) CM field B’ := F + Fe, by letting
B’ act on B by right multiplication. Since f* = —f, for any z € Y C X, we have

(az,4fbz)reev = (az,2fbz)rcev - (=2faz,bz)reev = (2,2(a* fO— b fa)z), ¢ ev
= (2, (a"fo=b"fa)z)reev - (0" fa—a*fb)z,2)reev =1,

for all a,b € O' := ON B’. Similarly, in the case (B]), there exists e € O_ such that
B = F = B'® B’e as modules of the (commutative) totally real field B’ := F.
Since e* = —e, and since B = F' is commutative, for any z € Y C X, we have

(az,2bez)r e ev = (abz,ez)reev - (—ez,abz)reev =1,

for all a,b € O := O, = ONDB’. Hence, in both cases, up to replacing ¥ and X
with some sublattices of finite indices, the pairing (-, - )7¢¢v decomposes into an
orthogonal direct sum of two pairings that are symmetric, positive, and compatible
with the order O in B’ (but not necessarily Galois equivariant) as in Proposition
Therefore, the base change G of G, to any geometric point 7 — S aboven — §
is isogenous to a product of two abelian varieties over 7 with endomorphisms by
O’ both of which are simple by applying Proposition with O replaced with O'.
(Moreover, these two simple abelian varieties are isogenous to each other by the
same argument as in the second paragraph of the proof of Proposition below.)
In particular, G,, can never be absolutely simple in these two exceptional cases.

Proof of Proposition[7.9 Without loss of generality, we may and we shall assume
that Y # 0, so that G, is a nontrivial abelian variety over 7.

The condition implies the weaker condition that, for any given nonzero
z € Y and w € X, there exists some b € O such that (v,bw),¢¢v # 1. By the
same argument as in the proof of Proposition this implies that G, and hence
G7\7/ are absolutely simple in the category of abelian varieties with endomorphisms
by O, in the sense that their base changes Gy and G%/ to any geometric point
77 — S above n — S are not isogenous to nontrivial products of abelian varieties of
smaller dimensions with endomorphisms by O. Moreover, if Gj is isogenous to a

product Ay x Ay X --- x A, of simple abelian subvarieties over 7, then the actions
7 7
of elements of O on Gj induce quasi-isogenies between all possible pairs A; and

Aj, with 1 < 4,5 < r, because otherwise G5 cannot be absolutely simple in the
category of abelian varieties with endomorphisms by O. Hence, we may assume
that G is isogenous to A" for some (nontrivial) simple abelian variety A over 7,
for some integer 7 > 1. Note that dim(A4) < 1 dim(Gj) when r > 2.

For simplicity, let us identify Y with its image ¢¢¢v(Y) in X, and suppress
¢¢¢v from the notation. Suppose eq,es,...,e, are elements of ¥ such that the
assignment B"™ — Y%Q  (ai)i<i<n = Y, a;e; induces an isomorphism of left

1<i<n
B-modules (which is possible because B is a division algebra, whose simple modules
are all isomorphic to B itself; see [I4, Lem. 1.1.2.4]).

Suppose n > 2. Then we have (e1,be;)reev # 1 for all j > 1 and all b € O.
Note that the dimension of the Q-span of e; and all the be; for all 7 > 1 and all
b € O is greater than (n — 1)dimg(B) = “=t dim(Gj) > 1 dim(G5). This shows
that dim(A) > % dim(Gj), so that r = 1. That is, G; is simple whenever n > 2.

Suppose n = 1, so that dim(Gj) = dimg(B). Let F' denote the center of B. We
have four cases of the division algebra B with the positive involution x, as in [I7,
Sec. 21] or [14] Prop. 1.2.1.13]:
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F' is a totally real field, and B = F, with the trivial involution . In this
case, we have B_ = 0, and Gy is simple by Proposition because the
condition here is identical to the corresponding condition there.
F is a totally real field, and B ® R is isomorphic to M3(R) over R for

F,o
every field homomorphism o : F' — R, with the positive involution x of B
induced by some conjugation of the canonical positive involution z + 'z
of Ma(R). In this case, since (e1,beq),eev # 1 for all b € O, and since
dimg(By) = 3 dimg(B) > 3 dimg(B) = 3 dim(Gj), we can conclude as
before that r = 1, so that G5 is simple.

F' is a totally real field, and B ® R is isomorphic to the Hamilton quater-
F.o

nion algebra H over R for every field homomorphism ¢ : FF — R. This is
exactly the exceptional case in the proposition.
F is a totally imaginary extension of a totally real field F, with the re-
striction of the involution x to F' given by the complex conjugation over
F,. (We shall ignore the additional conditions satisfied by B.) In this case,
since (eq,be1)reev # 1 for all b € O, and since dimg(B;) = 3 dimg(B),
we have » < 2. If r = 1, then Gy is simple, as desired.

Otherwise, we necessarily have r = 2. Let D := End;(A) %} Q, which is

a division algebra with a positive involution, because A is a simple abelian
variety. (See, for example, [I7, Sec. 20-21].) Then we have an injective
homomorphism B < My(D) of algebras over Q, which cannot be an iso-
morphism because B is a division algebra but Ma(D) is not. Since the
action of the order End;(A) in D induces an action of the same order on
the character group of the torus degeneration of A, we have an action of
D on B stabilizing the Q-subspaces B, and B_ of the same dimension, so
that B =2 B, & B_ and By = D" = B_ as D-modules, for some integer
r’ > 1. Then we have 21’ dimg(D) < dimg(B) < 4dimg(D), forcing v’ = 1.

Let E denote the center of D, which is a field and is also the center of
My(D). Then Ej := BN E is a subfield of the center F of B, because E
commutes with all elements of B. If Ey = F, then E is a subfield of F.
Otherwise, the E-span B’ of the image of B in My (D) form an E-subalgebra
of M2(D) such that dimg(B’) > 2dimg(B) = 4dimg(D), which must be
the whole of My(D). Therefore, B};@ E =~ My (D) is simple, which implies

that F' = Ey. In particular, we have (zeither ECForFCE.

Since F is the center of an endomorphism algebra of a simple abelian
variety, it is either a totally real field or a CM field. If F is a CM field,
then there exists some nonzero ¢ € Fy = EN F such that ¢* = —c¢, so that
cB; = B_, contradicting the assumption that D stabilizes B. Hence, E
is necessarily a totally real subfield, in which case [D : E] is either 4 or 1,
and E C F (because F' C E cannot happen, since F' is a CM field).

Let C' denote the centralizer of B in My(D). By [10, Ch. 5, Sec. 11,
Thm. 19], we have [B : E|[C : E] = [M2(D) : E] = 4[D : E).

If [D: E] =4, then [F : E)?|[B: E][C : E] = 16, and so [F : E] is either 4
or 2, and [B : F]is either 1 or 4. If [B : F] = 1, then the torus degeneration
of A is of dimension 3 dimg(B) = % dimg(F) < 2dimg(E), which cannot
admit an action of the quaternion algebra D over E. If [B : F] = 4, then
[F: E] =2 and C = F, forcing F, = E. Consider any f € F such that
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f*=—f,sothat F=E[f]=FE+Ef. Then B_ =B, -fand By = B_-f,
and the left actions of D and F' on B commute with each other because the
left action of f on B can be equivalently given by the right multiplication
by f, and because f? € F, = E commutes with D. Then D%)F can be

canonically identified with an E-subalgebra of My(D), and the centralizers
of E C F C Ma(E) are Ma(D) D D® F D D, respectively. Consequently,
E

B = D®F as E-subalgebras of My(D), because the centralizer of C = F
E

is B, by [10, Ch. 5, Sec. 11, Thm. 19] again. Since the positive involution
* of B restricts to a positive involution on D, and since this restriction
cannot be trivial because D is a quaternion algebra over E (and because
of Albert’s classification), there exists some nonzero d € DN B_. But then
d~! exists in D, and the left multiplication by d~! € D maps d € B_ to

the nonzero 1 € B, contradicting the assumption that D stabilizes B_.
Finally, if [D : E] = 1, then [F : E]?|[B : E|[C : E] = 4, and so
[FF: E] =2 and B =F = C. This is exactly the exceptional case in

the proposition.

Thus, we have shown that G, and hence GX are absolutely simple except in the
two cases and in the proposition, as desired. (I

Hence, the key point is to establish the following analogue of Proposition
Proposition 7.13. Suppose that B = O®Q is a division algebra. Then there
exists a bimultiplicative pairing -

() Vreev (Y XX = KX
as in satisfying all the conditions in Propositions and ,

Proof. The idea is similar to that in the proof of Proposition but the imple-
mentation here is, perhaps unavoidably, more tedious. Let

() XxX T

be any positive definite O-compatible (symmetric) bilinear pairing (which exists by
the same argument as in the proof of, for example, [I3] Lem. 2.5]).
Suppose e, es, ..., e, are elements of X ® Q such that the assignment B"™ —
Z
X®Q: (ai)1<i<n = Y. aje; induces an isomorphism of left B-modules (which,
Z T 1<i<n
again, is possible because B is a division algebra, whose simple modules are all iso-
morphic to B itself; see [14, Lem. 1.1.2.4]), and such that X is contained in the left
O-lattice Z := Y. (Oe;), which is the image of O™ under the last isomorphism.
1<i<n
Then there exists a sufficiently divisible integer r € Z>1 such that r{e;, be;)o € Z for
allbe O and 1 <14, j < n;namely, r(-, - )o induces a positive definite O-compatible
(symmetric) bilinear pairing Z x Z — Z.
Let €1,€9,...,er be a Z-basis of Oy, and let €},41,€p42,-..,Em be a Z-basis of
O_. Let w be any element of K™ of positive valuation. Let {uijl}lgigjgm;1§l§m§j7

where m;j; = h when i = j and mj; = n when i < j, be elements in R* that
are multiplicatively independent as in Lemma [5.10] Then we define a symmetric
bimultiplicative pairing

(-, W :ZxZ— KX
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satisfying the compatibility
(7.14) (bz,w); = (z,b*w),
for all b € O @ O_ and z,w € Z by setting
(1) (es,er€i)1 = uiji ~gr{eisieido for all 1 <i < mnand 1 <1< h (in which case
e = ¢, is compatible with (e;,e7e;)o = (€] ei, €i)0 = (€i,€1€:)0);
(2) (ei,ees)r :=1foralll <i<nandh <! <m (in which case ef = —¢
forces (e;,efei)o = (€7 es, €i)0 = (€4, €1€:)0 = 0); and
(3) (ei,ere5)1 = w5 coorleieio forall 1 <i<j<mnand1<Il<m;
and by extending the values of the pairing to the whole domain Z x Z by symmetry,
bimultiplicativity, and the rule that (ae;, be;)1 := (e;,a*be;); foralla,b € OL O_
and 1 < ¢ < j < n. Note that this is well defined because Be; = B as left
B-modules, for all 1 < i < n. Also, note that ¥ o (-, -); is a positive multiple of
(-, - )o for every nontrivial discrete valuation v : K* — Z.
Next, we define an O-compatible symmetric bilinear pairing
(+,)2: XxX = K~
satisfying the Galois equivariance
(7.15) (p(Mz, p(Vw)2 = (2
for all v € Gal(K/K) and z,w € X (cf. (5.15))
(

(7.16) (zw= J[ v ez p()wh

U}>2

(
by setting

yeGal(K/K)
for all z,w € X. Note that < (7)z, p(y)w)1 are defined for all z,w € X because X
is contained in Z, and that Uo (-, - )2 is still positive definite for every nontrivial

discrete valuation ¥ : KX — Z.
Finally, we define the desired bimultiplicative pairing

<~7 ~>T’§’§v ZYXX%I?X
by setting

(7.17) <Z, w>7—757§v = <¢§,§v (Z), 2w>2
for all z € Y and w € X, where ¢¢¢v is as in (cf. (5.17); but note the
Coefﬁcient 2 of w). Then (-, -);¢¢v satisfies the ﬁrst three conditions .
and (3)) in Proposmlonn 7.7| by the symmetry and positive definiteness of (-, )0, by
the deﬁnltlons of the pairings (-, -)1 and (-, - )2; by the choices of w (of positive
valuation in IN(X) and {uiji}1<i<j<ni<i<m; (of zero valuation in f(x); and by
Lemma and the relations and . As for the remaining condition
in Proposition @ it suffices to note that, since 20 C O, @& O_, the compatibility
implies that (bz, (2w))s = ((2b)z,w)a = (z, (2b%)w)y = (z,b*(2w)), for all
be O and z,w € Z.

It remains to show that (z,w),¢ev # 1 (as in (7.10)) for all nonzero z € Y and
w € X, except when ¢¢¢v(2) = cw for some nonzero ¢ € B_. Since ¢¢¢v is an
embedding, by the defining relation , it suffices to show that (z,2w)s # 1
for all nonzero z,w € Z, except when z = cw for some nonzero ¢ € B_. By
the choice of {Uijl}lgigjgn;lglgm;j, the terms in the product indexed by
different elements v have multiplicatively independent values (up to powers of @),
and so it suffices to show that (z,2w); # 1 for all nonzero z,w € Z, except when
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z = cw for some nonzero ¢ € B_. Suppose that there are some z = Y. (a;e;)
1<i<n
and w = ). (bje;) in Z, where (a;)1<i<n and (b;)1<i<n are nonzero n-tuples of
1<i<n

elements in O, such that (z,2w); = 1. Then we have

@18 (T e2atbenn ) TT te2taity +tiaen ) =1

1<i<n 1<i<j<n
in K* (using again the relation 20 C Oy @ O_ and the compatibility ) By
pulling out all powers of w, and by the choice of {Uijl}lgigjgn;1glgm;]. again, the
identity (7.18)) is possible only when

(7.19) ayb; +bfa; =0
in B, for all 1 < i < j < n. Let ig (resp. jo) be the smallest index i (resp. j)
such that a; # 0 (resp. b; # 0), which exists by assumption. If iy # jo, then
aj bj, + bj aj, # 0, which contradicts the condition (7.19). If i9 = jo, then the
condition ([7.19) implies that
C = ay, i_ol
is a nonzero element of B_, because
= (b},) " ay, = (b)) (af, bio )b, (b*)* (=} aio )by, " = —ai byt = —c.
Moreover, for every j > ig, the condition 9) implies that
a; = (b))~ (b} a;) = (b;o)—l(—ajobj) = —c*b; = cb;.
Thus, z = cw for some nonzero ¢ € B_, as desired. O

Based on the combination of Propositions[7.7] and the same arguments
as before give the following analogues of Theorem [6.1] Corollary [6.2] Theorem [6.4]
and Corollary

Theorem 7.20. Let R, k, K, S, s, and n be as in the beginning of 4 Let
O be as in the beginning of this but assume moreover that B = O®Q is a
Z

diwvision algebra. Given any tori Ts and T, over s with character groups X, and
Y., respectively, that are étale sheaves of left O-lattices, and an O-equivariant
embedding ¢s : Y, ‘—> X, with finite cokernel, inducing an O-equivariant isogeny
=¢r: T, > T, there exists an object (G, A, i) in DEG%OE o(R) (see Definition
such that )\S : Gs — GY can be identified with Ap, : T, — TY (via some
O-equivariant isomorphisms Gy = Ty and G = T, over s), and such that G, is
absolutely simple except in the two cases and in Proposition .

Corollary 7.21. Let O be as in Theorem[7.20, Given any field k and any complete
discrete valuation ring R with residue field k, any torus with endomorphisms by O
over k can be realized as the special fiber of some semi-abelian scheme over R whose
generic fiber is an abelian variety with endomorphisms by O over K (which can be
principally polarized) that is absolutely simple except in the two cases and

in Proposition [7.9]

Theorem 7.22. Let O be as in Theorem . Given any (G, A, i) in DEGEE o (R)

as in Theorem m there exists some (Gl,)\l,zl) in DEGEE o (R1) (see Remark

j such that (G1,\1,11) @ k = (G, \,i) ® k, and such that the generic fiber Gz,
Ry Ry
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is absolutely simple except in the two cases and in Proposition . Con-
sequently, the special fiber A\ s : G1, — Gis of A1 can also be identified with
Ar, 2 Ts — T, (via some O-equivariant isomorphisms Gy s = Ty and GY ; = T,
over s).

These assertions remain true with S1 = Spec(Ry) replaced with some connected
affine étale neighborhood s — U — Sy = Spec(Ryp) of s.

Corollary 7.23. Let O be as in Theorem[7.20, Given any field k and any complete
discrete valuation ring R with residue field k, any torus with endomorphisms by
O over k can be realized as the special fiber of some semi-abelian scheme over
some connected affine étale neighborhood s — U — Sy of s that is generically an

abelian variety with endomorphisms by O (which can be principally polarized) that
is absolutely simple except in the two cases and in Proposition .

By combining Corollaries [7.2I] and [7.:23] we obtain the following strengthening
of our main theorem:

Theorem 7.24. In Theorem suppose T has endomorphisms by O, where O s
as in the beginning of this but with the additional assumption that B = 0 ® Q is
Z

a division algebra. Then we may assume that the semi-abelian scheme G also has

endomorphisms by O, and—instead of (2) in Theorem [L.3[—that G,, is absolutely
sitmple except in the two cases and (B)) in Proposition

Remark 7.25. Conversely, as mentioned in the introduction, by [19, IX, 1.4], [7
Ch. I, Prop. 2.7], or [14, Prop. 3.3.1.5], any endomorphism structure on the generic
fiber G, necessarily and uniquely extends to the whole semi-abelian scheme G, and
also (by reduction) to the torus T we stared with. Hence, there has been no loss of
generality in considering only tori with endomorphisms by the same orders.

Remark 7.26. Certainly, there are many examples of orders O (with positive invo-
lutions) defining endomorphism structures of abelian varieties of certain dimension
n, but cannot possibly have actions on any n-dimensional tori. For example, al-
ready when n = 1, no CM elliptic curve can degenerate to any one-dimensional
torus. In fact, one can generalize this to show that certain abelian varieties must
have potential good reductions everywhere—see [I1], Sec. 4.2] (and the review of
the literature there) for a systematic discussion.

Remark 7.27. The two exceptional cases ED and in Proposition and there-
fore also in Theorems [7.20} [7.22] and [7.24] correspond to the two exceptional cases
(b) and (d) in [20, Sec. 4, Thm. 5], which are treated in more detail in [20], Sec.
4, Prop. 17 and 18]. These results in [20 Sec. 4] are relevant for our investigation
of degenerations of abelian varieties into tori, because the corresponding complex
moduli can be noncompact, and because their toroidal compactifications can be
compared with the corresponding ones in [I4, Thm. 6.4.1.1] in a way that respects
the degenerations of abelian varieties into semi-abelian varieties along the bound-
ary, by [12, Thm. 4.1.1 and Prop. 4.2.2]. (More precisely, some subcases of the two
exceptional cases (b) and (d) in [20, Sec. 4, Thm. 5] are still irrelevant, because
the corresponding complex moduli are compact, and therefore cannot parameterize
nontrivial degenerations of abelian varieties, by [I1], Sec. 4.2]. Similarly, the remain-
ing exceptional cases (a), (c), and (e) in [20, Sec. 4, Thm. 5], which are treated in
more detail in [20, Sec. 4, Prop. 14, 15, and 19], are also irrelevant, because the
corresponding complex moduli are compact.)
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