VANISHING THEOREMS FOR TORSION AUTOMORPHIC
SHEAVES ON COMPACT PEL-TYPE SHIMURA VARIETIES

KAI-WEN LAN AND JUNECUE SUH

ABSTRACT. Given a compact PEL-type Shimura variety, a sufficiently regu-
lar weight (defined by mild and effective conditions), and a prime number p
unramified in the linear data and larger than an effective bound given by the
weight, we show that the (Betti) cohomology with Zy-coefficients of the given
weight vanishes away from the middle degree, and hence has no p-torsion. We
do not need any other assumption (such as ones on the images of the associated
Galois representations).

INTRODUCTION

The cohomology of Shimura varieties (with coefficients in algebraic representa-
tions of the associated reductive groups) has been an important tool for studying the
relation between the theory of automorphic forms and arithmetic. In this article,
we try to answer a basic question:

Question. Let p be a prime number. When is the (Betti) cohomology of the
Shimura variety with (possibly non-trivial) integral coefficients p-torsion free?

Certainly, when we fix both the level and the coefficient system, the answer is
in the affirmative for all sufficiently large p. But to the best of our knowledge,
there has been no known, effective bound that applies to general Shimura varieties.
Moreover, it is a priori unclear whether such a bound can be found that is insensitive
to raising the level, even if we focus only on neat and prime-to-p levels.

The main results of this article provide the following (partial) answer: Consider
a compact PEL-type Shimura variety at a neat level, a weight u that is “sufficiently
regular” (a mild and effective condition which, in the unitary case, coincides with
the usual notion of regularity), and a prime number p that is unramified in the
linear data defining the Shimura variety. If the level is mazimal hyperspecial at p
and if p is larger than an effective bound that is a function of y (but is independent
of the prime-to-p level), then the Betti cohomology of the variety with coefficients
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in the Z,-module corresponding to u is concentrated in the middle degree, and has
no p-torsion. (See Theorem and Corollary for more precise statements.
Variants in other cohomology theories are also given in Section )

We stress that all the conditions we need are explicit and can be verified easily
in practice. We do not make any assumptions such as the ones on the images of
the associated Galois representations (which are often far from effective). (See for
example the remark in [37, §9, line 6] on their “residually large image” assumption
(RLI).)

Our approach to this problem is to use the de Rham cohomology of the good
reduction modulo p of the Shimura variety in question. The main technical in-
puts are Illusie’s vanishing theorem, Faltings’s dual BGG construction, and a new
observation relating the (geometric) “Kodaira type” conditions on the coefficient
systems to the (representation-theoretic) “sufficient regularity” conditions.

Although all the techniques we use have been known for many years, their simple
combination (when the level is neat and prime-to-p) has not been implemented in
any special cases. By base extension to C, we also obtain the first purely algebraic
proof of certain vanishing results that had only been proved by transcendental
methods.

We remark that closely related questions on (the absence of) p-torsion in the
cohomology of Lubin—Tate towers have been considered in the work of Boyer. Our
approach differs fundamentally from his, and does not subsume the results there.

Here is an outline of the article. In Sections [I] and [2] we review the basic setups
in geometry and representation theory, which are standard but necessary. In Sec-
tions we explain the realization of automorphic bundles and their cohomology
using fiber products of the universal abelian scheme over our Shimura variety, fol-
lowing [13, pp. 234-235], [19, II1.2], and [37, I11.2]. In Section [5} we explain how
the comparison among different cohomology theories with automorphic coefficients
can be reduced to the standard results with constant coefficients. (We work out
these sections in detail, sometimes with steps not readily available in the literature,
because we want to pin down optimal bounds on the sizes of p.) In Section |§|, we
introduce Illusie’s vanishing theorem [22] and its reformulations using Faltings’s
dual BGG construction. Then we explain our key observation (mentioned above)
in Section [7] with an analysis on ample automorphic line bundles with weights of
“minimal size”. This is the most crucial part of this article. The main results will be
presented in Section [§] including our vanishing theorems for cohomology with auto-
morphic coefficients, and their obvious implications to questions of torsion-freeness
and liftability.

The ideas in this article can be generalized to all PEL-type cases (including non-
compact ones), which we have carried out in the article [3I]. See the introduction
there for more details.

The results in this article on torsion-freeness and liftability have potential ap-
plications to the study of p-adic modular forms and Taylor—Wiles systems. (For
example, Michael Harris has applied our results to the study of Taylor—Wiles sys-
tems. See [I8].) After all, very little has been known (or even conjectured) about
the torsion in the cohomology of Shimura varieties. We naturally expect more of
such interesting results and applications to appear in the future.

We shall follow [29] Notations and Conventions] unless otherwise specified.
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1. GEOMETRIC SETUP

1.1. Linear algebraic data. Let (O,x, L, (-, -), hg) be an integral PEL datum in
the following sense:



4 KAI-WEN LAN AND JUNECUE SUH

(1) O is an order in a (nonzero) semisimple algebra, finite-dimensional over Q,
together with a positive involution *.
(2) (L,(-, ), ho) is a PEL-type O-lattice as in [29 Def. 1.2.1.3]. (In [29, Def.
1.2.1.3] hy was denoted by h.)
We shall denote the center of O % Q by F. (Then F is a product of number fields.)

Definition 1.1 (cf. [29, Def. 1.2.1.5]). Let O and (L,(-, -)) be given as above.
Then we define for any Z-algebra R

G(R) := {(g,r) € GLO(%R(LQZ@R) x Gn(R) : (gx,gy) = r(x,y), Va,y € L} )

The assignment is functorial in R and defines a group functor G over Spec(Z). The
projection to the second factor (g,r) — r defines a homomorphism v : G = Gy,
which we call the similitude character. For simplicity, we shall often denote
elements (g,7) in G only by g, and denote by v(g) the value of r when we need it.
(This is an abuse of notation, because r is not always determined by g.)

The homomorphism hg : C — Endpgr(L®R) defines a Hodge structure of
Z Z
weight —1 on L, with Hodge decomposition
(1.2) LeC=V, oV,
zZ

such that hg(z) acts as 1® z on Vp, and as 1 ® z¢ on V. Let Fy be the reflex field
(see [29, Def. 1.2.5.4]) defined by the O ® C-module V.

Z

By abuse of notation, we shall denote the ring of integers in F' (resp. Fy) by Op
(resp. OF,). This is in conflict with the notation of the order O in the integral PEL
datum, but the precise interpretation will be clear from the context.

Let Diff ! be the inverse different of O over Z (see [29, Def. 1.1.1.11]), and let
Disc = [Difff1 : O]z be the discriminant of O over Z (see [29, Def. 1.1.1.6 and
Prop. 1.1.1.12]). We say that a rational prime number p > 0 is good if it satisfies
the following conditions (cf. [26, §5] and [29, Def. 1.4.1.1]):

(1) pis unramified in O, in the sense that p 1 Disc (as in [29, Def. 1.1.1.14]).
(2) p£2if (’)%Q involves simple factors of type D (as in [29, Def. 1.2.1.15]).

(3) The pairing (-, -) is perfect after base change to Z,.
Let us fix any choice of a good prime p > 0.

Lemma 1.3. There exists a finite extension Fy of Fy in C, unramified at p, together
with an O ® Opé’(p)—module Lo such that Ly ® C=Vy as O® C-modules.
Z O (n) Z
See [29] Lem. 1.2.5.9 in the revision] for a proof. For each fixed F{, the choice of
Ly is unique up to isomorphism because O ® O Fy,(py~modules are uniquely deter-
zZ

mined by their multi-ranks. (See [29, Lem. 1.1.3.4]. We will review the notion of
multi-ranks in Section [2.1])

Let us denote by (-, - )can. : (Lo @ Lg (1)) X (Lo @ Ly (1)) — Opy (1) (cf. 29,
Lem. 1.1.4.16]) the alternating pairing ((x1, f1), (22, f2))can. := f2(x1)—f1(z2). The
natural right action of O on Ly (1) defines a natural left action of O by composition
with the involution « : @ = . Then canonically induces an isomorphism
Ly (1) ® C=VfofO %(C—modules.
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Definition 1.4. For any OF; (,)-algebra R, set
(9.1) € GLoga((Le@ LY(1) & R)x Gu(R)

L Fl.(p)
GO =1 (g, gy)ean. = 1, vheans Vo € (Lo (1) R
F§.(p)

Po(R) := {(9,7’) €Go(R):g(Ly(1) ® R)= Lg(l)o ® R},
Fbo(p) Fbo(p)
Mo(R) = GL@@R(LB/(I) X R) X Gm(R),
z F{»(p)

where we view Mo(R) canonically as a quotient of Po(R) by
Po(R) = Mo(R) : (g,7) — (Q\Lg(l) ® RT)

Fl.(p)
The assignments are functorial in R, and define group functors Gg, Po, and My
over Spec(Ory,(p))-

By [29, Prop. 1.1.1.17, Cor. 1.2.5.7, and Cor. 1.2.3.10], there exists a discrete
valuation ring Ry over O Fi.(p) satisfying the following conditions:
(1) The maximal ideal of Ry is generated by p, and the residue field x; of R;
is a finite field of characteristic p. In this case, the p-adic completion of R
is isomorphic to the Witt vectors W (1) over k.
(2) The ring Op is split over Ry, in the sense that T := Homgz a1s.(OF, R1) has
cardinality [F': Q]. Then there is a canonical isomorphism

1.5 ~ .
( ) OF %) Rl H OF7
TEYT
where each Op; can be identified as the Op-algebra R; via 7.
(3) There exists an isomorphism
(16) (L®R17<'7 >)g(L0@L8/(1)7<7 '>can‘) ® Rl
z FL.(p)
inducing an isomorphism G® R 2 Gy ® RjrealizingPy ® R;asa
z OFL.(») OF).(»)
subgroup of G® R;. (The existence of the isomorphism 1} follows from
Z
[29, Cor. 1.2.3.10] by comparing multi-ranks.)

Remark 1.7. For the purpose of studying questions such as the vanishing or freeness
of cohomology with torsion coefficients, it is harmless (and helpful) to enlarge the
coefficient rings.

From now on, let us fix the choices of Ry and the isomorphism (1.6)), and set

OFJ = OF%Rl, 0, = 0(§)R1, Ly = L%Rl, L071 =Ly ® Ry, G =
F§L(p)
Gy ® R =2GRR,P1:=Py ® Ry,and M;:=My; ® R;.
Fl.(») Z Fl.(») FY.(p)

1.2. PEL-type Shimura varieties. Let H be a neat open compact subgroup of
G(ZP). (See [41], 0.6] or [29, Def. 1.4.1.8] for the definition of neatness.)

By [29, Def. 1.4.1.4] (with O = {p} there), the data of (L, (-, - ), ho) and H define
a moduli problem My, over Sg = Spec(Op, (), parameterizing tuples (A4, A, i, o)
over schemes S over Sy of the following form:
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(1) A — S is an abelian scheme.

(2) A: A — AV is a polarization of degree prime to p.

(3) i: O — Endg(A) is an O-endomorphism structure as in [29, Def. 1.3.3.1].
(4) Lie, /g with its O % Zp)-module structure given naturally by ¢ satisfies the

determinantal condition in [29, Def. 1.3.4.2] given by (L®R, (-, -), ho).
VA
(5) ag is an (integral) level-# structure of (A, \,4) of type (L®ZP, (-, -)) as
z
in [29] Def. 1.3.7.8].

Remark. The definition (by isomorphism classes) can be identified with the one in
[26 §5] (by prime-to-p quasi-isogeny classes) by [29, Prop. 1.4.3.3].

By [29, Thm. 1.4.1.12 and Cor. 7.2.3.10], My is representable by a (smooth) quasi-
projective scheme over Sy (under the assumption that # is neat).
Consider the (real analytic) set X = G(R)ho of G(R)-conjugates h : C —
Endo@)R(L(%)R) of hp : C — Endo@)R(L%R). Let H? := H and H, := G(Z,)
Z Z

be open compact subgroups of G(Zp) and G(Q,), respectively, and let H be the
open compact subgroup H?H, of G(Z). Tt is well known (see [26, §8] or [27, §2])
that there exists a quasi-projective variety Shy over Fy, together with a canonical
open and closed immersion Shyy — My ®  Fy (because H is neat), such that the

OFoq(P)
analytification of Shy ® C can be canonically identified with the double coset space
Fo
G(Q)\Xx G(A*)/H. (Note that Shy — My & Fp is not an isomorphism in

Ory.(p)
general, due to the so-called “failure of Hasse’s principle”. See for example [26], §8]

and [29, Rem. 1.4.3.11].)
Let My o denote the schematic closure of Shy in M. Then My, ¢ is smooth over
So. In this article, we shall maintain from now on the following:

Assumption 1.8. The double coset space G(Q)\X x G(A>)/H, with its real ana-
lytic structure inherited from X, is compact.

Theorem 1.9 (see [28, §4]). Under Assumption Myo is proper (and hence
projective) over Sy.

Remark 1.10. The dimension of X as a complex manifold, and hence the relative
dimension of any component of the smooth scheme My, o over Sy, can be calculated
easily because X is embedded as an open subset of Go(C)/Py(C) (by sending any
h € X to the Hodge filtration it defines).

Let Sy := Spec(Ry), and let My 1 := My g S>< S;. By abuse of notation, we denote

0
the pullback of the universal object over My to My 1 by (A, A, 4, ar) — My 1.
Consider the relative de Rham cohomology H, éR(A/ My 1) and the relative
de Rham homology H{®(A/My1) := HomﬁMHl(ﬂ(liR(A/M%l),ﬁMH‘l). We

have the canonical pairing (-, ) : ﬂ‘liR(A/MH,ly) x HR(A/My1) — Owm,, 1 (1)
defined as the composite of (IdxA\), followed by the perfect pairing
H{®(A/My1) x HF(AY/My1)  —  Owm,,, (1) defined by the first Chern

class of the Poincaré line bundle over A x AY. (See for example [10]
Mz 1

1.5].)  Under the assumption that A has degree prime-to-p, we know that
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A is separable, that A, is an isomorphism, and hence that the pairing
(-, )x above is perfect. Let (-,-)» also denote the induced pairing on
Hig(A/My 1) x Hig(A/My 1) by duality. By [ Lem. 2.5.3], we have canonical
short exact sequences 0 — @XV/MH L H®A/Myy ) — Liey /m,,, — 0 and
0 — Lie}u,, , = Hir(A/M31) = Lieyv jpm,, , = 0. The submodules Lie}v y,, ,
and Lie) /My, are maximal totally isotropic with respect to (+y -

Let M%)l be the first infinitesimal neighborhood of the diagonal image of My ;
in My 1 X My 1, and let pry,pr, : I\N/Ig_i)1 — My1 be the two projections. Then we

S1 ?

have by definition the canonical morphism Ow,, , — ,@,\1@,1/51 = pry, Pr3(Om,, 4 )5
where L@,\lﬂm /5. is the sheaf of principal parts of order one. The isomorphism
S I\N/Ig_i)1 — I\N/Igi)1 over My, 1 swapping the two components of the fiber product then
defines an automorphism s* of ‘@I\l/IHJ /51 The kernel of the structural morphism

@,\1/'“ s Owm,, ,, canonically isomorphic to QI{A’H,I/Sl by definition, is
spanned by the image of s* — Id* (induced by pri — pr3).

An important property of the relative de Rham cohomology of any smooth mor-
phism like A — My, ; is that, for any two smooth lifts Ay — I\~/I§i)1 and Ay — M%)l of
A — My 1, there is a canonical isomorphism HdR(AQ/M(l) ) = ﬂéR(fll/M%?l) lift-
ing the identity morphism on HdR(A/MH 1). (See for example [29, Prop. 2.1.6.4].)
If we consider A; := pri A and Ay = pri A, then we obtain a canonical isomorphism
prs Hig (A/Mae1) = Hig (prs A/Mj ) 5 Hig (pr A/Myg)) 2 pri Hig (4/Ma,).
which we denote by Id* by abuse of notation. On the other hand, the pullback
by the swapping automorphism s : |\7|(1) = |\~/|§i)1 defines another canonical iso-
morphism 5* : prs Hi(A/Ms1) 2 Hhy(prs A/MY,) 5 Hi(pri A/M,) =
pri Hig (A/My,1)-

Definition 1.11. The Gauss—Manin connection V : Hiz(A/My ;) —
Hig(A/ My 1) @’ﬁ 1 QI{/IH,l/Sl on Hir(A/My 1) is the composition

s*—1d*
%

Hig(A/Ma1) ™5 Hig(prs A/M3)) Hig(A/My1) © D, s,

M31

This connection coincides with the usual Gauss—Manin connection on the relative
de Rham cohomology (cf. [25]).

1.3. Automorphic bundles and de Rham complexes.

Definition 1.12. The principal G;-bundle over My is the G;-torsor
&a, = mo§mm ((HT(A/M21), (- )ns Oy, (1),
(Lop® Ly (1)) % OMag 175+ Jean., Omy (1)),
the sheaf of isomorphisms of Ow,, ,-sheaves of symplectic O-modules.

The group G; acts as automorphisms on (L® Owm,, 1, (", - Yean., OMs, 4 (1)) by
- : :

definition. The third entries in the tuples represent the values of the pairings. We
allow isomorphisms of symplectic modules to modify the pairings up to units.
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Definition 1.13. The principal P;-bundle over My 1 is the P,-torsor
gPl = ISﬂ()% ﬁM’H,l ((E?R(A/M'H,l)v < Tyt >)\7 ﬁMH,l (1)7mXV/MH,1)7

((Lo,l @Lg,l(l)) I(? ﬁM’H,l? < i '>can.> ﬁM’H,l(l)7 Lg,l(l) I(? ﬁM’H,l))’

the sheaf of isomorphisms of Ow,, ,-sheaves of symplectic O-modules with mazimal
totally isotropic O ® Ry-submodules.
Z

Similarly to the previous definition, the group P; acts as automorphisms on
(LQZQ OMai 1 (-5 Yean. OMye (1), L(\)/’l(l) 1(? Owm,, ,) by definition.
1

The principal bundles £g, and Ep, are (étale) torsors (of the respective group
schemes G; and P;) because (H{®(A/My1), (-, -)A,ﬁM%l(l),@XV/MHJ) and
(Lo, @ Ly 1 (1)) 1%@ OMagr (5 Deanns Oy, (1), Ly 1 (1) }%@ Owm,,.,) are étale locally

isomorphic by the theory of infinitesimal deformations (cf. for example [29, Ch. 2])
and the theory of Artin’s approximations (cf. [1, Thm. 1.10 and Cor. 2.5]).

Definition 1.14. The principal M;-bundle over My, ; is the M;-torsor
ng = 7ISOHIO% Oy 4 ((mXV/MH)l’ ﬁM’H,l (1))a (L(\)/,l(]-) % ﬁM’H,l ) ﬁM’H,l (1)))7

the sheaf of isomorphisms of Ow,, ,-sheaves of O ® R;i-modules.
’ Z

We view the second entries in the pairs as an additional structure, inherited
from the corresponding objects for P;. The group M; acts as automorphisms on
(Ly1(1) ® Omy, ,+ Om,y, (1)) by definition.

: R : :

Definition 1.15. For any Ry-algebra R, we denote by Repr(Gy) (resp. Repgr(P1),
resp. Repr(My)) the category of R-modules of finite presentation with algebraic
actions of G1 ® R (resp. P1 ® R, resp. M; ® R).

R1 Ry Ry

Definition 1.16. Let R be any Ry-algebra. For any W € Repp(G1), we define

Gi1 ® R
Ry

(1.17) 5G1,R(W) = (8(;1 }(;& R) x W,

and call it the automorphic sheaf over My 1 ® R associated with W. It is called
Ry

an automorphic bundle if W is locally free as an R-module. We define similarly
Ep, . R(W) (resp. Enty r(W)) for W € Repgr(P1) (resp. W € Repr(My)) by replacing
G1 with Py (resp. with My) in the above expression (|1.17)).

Lemma 1.18. Let R be any Ri-algebra. The assignment Eg, r(-) (resp. Ep, (),
resp. Emy,r(-)) defines an exact functor from Repp(G1) (resp. Repr(Gi), resp.
Repr(G1)) to the category of coherent sheaves on My 1.

Proof. Etale locally over My, 1, the principal bundle g, r (resp. Ep, R, resp. Em, .R)
is isomorphic to the pullback of G; (resp. Py, resp. M;) from S; = Spec(R;) to
My 1. Therefore, £, r(W) (resp. Ep, r(W), resp. Em, r(W)) is locally isomorphic
to the pullback of W from S; to My 1, and the assignment is functorial and exact
because My 1 — S5 is flat. O
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Lemma 1.19. Let R be any Ry-algebra. If we consider an object W € Repg(G1) as
an object in Repg(P1) by restriction to Py, then we have a canonical isomorphism

Ea, rR(W) = &p, r(W).

Proof. By definition, we have a natural morphism &p, p x W — &g, r X W in-
ducing a natural morphism Ep, (W) — &g, rR(W). Reasoning as in the proof
of Lemma [I.18] we see that this morphism is an isomorphism, because it is étale
locally identified with the identity morphism W — W. [

Lemma 1.20. Let R be any Ry-algebra. If we view an object W € Repr(M1) as an
object in Repg(P1) in the canonical way (under the canonical surjection Py — My),
then we have a canonical isomorphism Ep, r(W) = Em, r(W).

Proof. This follows from the very definitions of £p, and &y, . g

Corollary 1.21. Let R be any Ri-algebra. Suppose W € Repg(P1) has a decreas-
ing filtration by subobjects F*(W) C W in Repgr(P1) such that each graded piece
Grp (W) := F¢(W)/FeTL (W) can be identified with an object of Repr(M;). Then
Ep, (W) has a filtration Ep, r(F*(W)) with graded pieces En,, r(Grg(W)).

Proof. This follows from the exactness of the functor €p, g in Lemma [T.18] O

Ezample 1.22. We have Eq, g, (L1) = Ep, v, (L1) = H{®(A/Myy 1), with Hodge fil-
tration defined by the submodule Ep, g, (Lg1(1)) = &, r, (L, (1)) = @XV/MHJ,
and with top graded piece &p, g, (Lo1) = Emy, R, (Lo,1) = Lie g /my ;-

In Definition the Gauss—Manin connection is defined by the difference be-
tween the two isomorphisms Id*, s* : prj Hig(A/Msy.1) = pri Hig (A/Myy 1) lift-
ing the identity morphism on H}g(A/Ms.1). Since s* has a simple definition, we
can interpret Id* (whose definition as in [29] Prop. 2.1.6.4] is far from simple) as
induced by the Gauss-Manin connection (and s*). The same is true if we base
change (horizontally) from R; to any Rj-algebra R. By construction of Eg, r(-)
(cf. (1.17)), for any W € Repg(G1), the two isomorphisms above induce two iso-
morphisms Id*, s* : pri(Eq, r(W)) = pri(Eq, r(W)) lifting the identity morphism
on &g, r(W). Hence the difference s* — Id* induces an integrable connection
(1.23) Vi€, r(W) =&, r(W) @ Q. s,

Omyr '
Definition 1.24. The integrable connection V in (1.23) above is called the Gauss—
Manin connection for Eq, r(W). The complex (Eq, r(W) ﬁM® Qi n/sne V) it
H,R

induces is called the de Rham complex for £, r(W).

2. REPRESENTATION THEORY

2.1. Decomposition of reductive groups. Using the decomposition of Of; in
(1.5), we obtain a corresponding decomposition

(2.1) o, =[] o,
T7€Y

where OF acts on the factor O, via the homomorphism Or — O, defined by 7.
By [29, Lem. 1.1.3.4], there is a unique (up to isomorphism) indecomposable
projective O,-module for each 7 € T, which we shall denote by V.. When O, =
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M, (Op ) for some t,, we can take V; to be (’)?f. Moreover, every finitely gen-

erated projective Op-module is isomorphic to a direct sum & V¥ for some
TEYT

integers m,. We call the tuple (m;)rcr of integers the multi-rank of such an
O ® Ri-module. (See [29, Def. 1.1.3.5].)
Z

Let (pr)rer (resp. (¢r)rer) be the multi-rank of Lo (resp. Lg,(1)). Then

Gr = Proc, Where ¢ : Op = Op is the restriction of x : @ = O. Then the multi-rank
of Ly is (pr + ¢r)rex, because we have the isomorphism ([1.6]) over R;.

Choose and fix an isomorphism Lg; & @& VP as well as the isomorphisms
TEY

VY.(1) := Hompg, (V;oc, R1(1)) =2 V. (for 7 € T). These chosen isomorphisms
canonically induce an isomorphism
(2.2) L = ( @ VT@PT) @( @ (1@%41))@%) ~ g YOEetar)

TeY TET TEYT

by (1.6, matching the pairing (-, -) with the pairing
(23) (17, friroe))rers (T2, friroe))rer) = D (for(@1r) = fro(32.7)).
TEYT
Lemma 2.4. There exists a cocharacter Gy, @ R — Gy splitting the similitude
Z

character v : G — Gy ® Ry which acts trivially on the submodule Ly (1) of Ly
7 ;

(under the identification (1.6)).
Proof. Let R be any Rj-algebra. Let ty be any element in (G, ® R1)(R) = R*.
Z

In the decomposition (2.2)), if we let o act as top on V.¥P7 and act trivially on
(VY (1)®9 for any 7 € Y, then the pairing (2.3) is multiplied by tq. This

TOC

gives an element in Gy (R) with similitude o and with trivial action on Ly, (1), as
desired. g

For each 7 € Y, set L, := V2P &(VY, (1))®%, and define the canonical pair-

ing <'a '>T . LT X L‘roc — Rl(l) by ((x1773f1,70c>7('r2,‘roc7f2,‘r)) — f2,‘r($1,‘r) -
f1,70¢(®2,70¢). Then the pairing (2.3]) is simply the sum of (-, - ), over 7 € T. Note
that GLo g r(L~, }%@ R) 2 GLo g r(Lroc 1(? R) for any Rj-algebra R. If we define

Z 1 Z 1

G (R) = {g € GLog n(Lr © R): (g2,99); = {r.9)r, Vo € Ly € L}

for each Rj-algebra R, then we obtain a group functor G, over Spec(R;), which
falls into only three possible cases:

(1) G = Sp,y,. ® Ry, where r; = p, = ¢ and Sp,,. is the (split) symplectic
T Z T
group of rank r, over Spec(Z). (This is a factor of type C.)
(2) G 2 09, ® Ry, where r, = p; = ¢, and Oa,._ is the (split) even orthogonal
Z
group of rank 7, over Spec(Z). (This is a factor of type D.)
(3) G 2 GL,. ® Ry, where r, = p; + ¢, and GL,._ is the general linear group
Z
of rank r, over Spec(Z). (This is a factor of type A.)
Thus we obtain a decomposition

(2.5) Gy = ( II GT) % (Gm ® R),

Z
T€Y /e
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where 7 € T/c means (by abuse of language) we pick exactly one representative T
in its c-orbit in T, and where the last factor (G, ® R1) is given by the cocharacter
zZ

given by Lemma [2.4] splitting the similitude character.

2.2. Decomposition of parabolic subgroups. Under the identification (1.6]),
the submodule Ly ; (1) of Ly can be identified with the submodule

(2.6) 06 (@ (V4.0)°")

T€Y

of the second member in (2.2). For each 7 € T, define group functors P and M.
over Spec(R;) by setting for each R;-algebra R

(2.7)
g€ G, (R): g(0®(VY.(1)%9 @ R)) = (08(V,%.(1)® " @ R))
Pr(R) = L, ®R=(Ver @ R)e((Vi (1) @ R)
Ry Ry Ry
and
geP(R):g(VEPr @ R)®0) = (VEPr @ R)D0)
(2.8)  M(R):= i i

1 1
inLr ® R= (VP @ R)&((Voo. (1) @ R)
R4 Ry R1

Then the subgroup P; of G; can be identified with the subgroup
(I1 Pr)xGugr)c (I Gr)x(Gueh).
T€Y /e T€Y/c
and the canonical surjection P; — M; has a splitting M; C P given by
(I ) =@ w® i) < (I Pr) % (Guo ).
T€Y /c TEY /e z
For each 7 € T, we have Homop, (V;,V;) = Homop, (VX.(1),V%.(1)) = Op,, &
R;. Therefore, we have diagonal actions of GE7(R) on VP~ g@ R and of G4 (R)
1

on (V.Y

TOC

(GPr X GE) @ Ry — M.
Z

(1))®9 @ R, which are functorial in R and hence define a homomorphism
Ry

2.3. Hodge filtration. Let R be any R;-algebra. Fix any choice of a cocharacter
as in Lemma and consider its reciprocal H : G, ® Ry — G;. Note that by
Z

definition H factors through P;.
Definition 2.9. Given any object W € Repp(P1), the induced action of Gy, @ Ry
Z

decomposes W into weight spaces W® for Gy, ® Ry, indexed by integers. Then the
Z

Hodge filtration F on W is the decreasing filtration F(W) = {F*(W) }aez defined by
FC(W):= @ W,
b>a

Ezample 2.10. Since the cocharacter H acts with weight 0 on Lg (1) (as a sub-
module of L;) and with weight —1 on L¢ ; (as a quotient module of L), the Hodge
filtration F on Ly is given by F~!(Ly) = L1, F¥(L1) = L (1), and F'(Ly) = {0}.
Thus the only possibly nonzero graded pieces are Grg '(L1) = Lo and Gra(Ly) =
Lg1(1). Note that the choice of H is not unique, but the resulting filtration is
independent of this choice.
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Lemma 2.11. Let W € Repy(P1) and let {F*(W)}aez denote the Hodge filtration
defined in Definition 2.9 Then the unipotent radical Uy of Py acts trivially on
Grg (W) for any a € Z. In other words, each graded piece Grg (W) can be identified
with an object in Repr(My).

Proof. Since the adjoint action of H on Lie(U;) has weight —1, the action of Lie(Uy)
decreases the H-weights by 1, as desired. ([

By Corollary the Hodge filtration on W defines submodules of Ep, (W),
which we denote by F*(Ep, r(W)) for a € Z.

Definition 2.12. The filtration F(Ep, r(W)) = {F*(Ep, rR(W))}acz is called the
Hodge filtration on &p, r(W).

By Corollary we have Grg (Ep, r(W)) = Em, r(Grg(W)).
Definition 2.13. Let W € Repy(G1). By considering W as an object of Repp(P1)

~

by restriction from Gi to Pi, we can define the Hodge filtration on Eq, r(W) =

Ep, . r(W) (see Lemma [1.19)) as in Definition |2.12| The Hodge filtration on the de
Rham complex Eq, r(W) @ Qy. s is defined by
6 R

My, R

F'(€c,,r(W) ® QKA’H,R/SR)::Fa_.gGhR(W) ® QKA’H,R/SR

My R ﬁMH,R

It is a subcomplex of &g, ,r(W) ® Q. /s for the Gauss-Manin connection
Oy, :

thanks to the Griffiths transversality. (The only de Rham complexes we will need for
our main results are those realized by geometric plethysm as in Lemma below,
for which the Griffiths transversality is clear. For de Rham complexes attached to
an arbitrary W € Repy(G1), see [30].)

Lemma 2.14. Suppose Wi and Wy are two objects in Repr(G1) such that
the induced actions of Py1 and Lie(G1) on them satisfy Wilp, = Walp,

and Wiltiea) = WalLiea,)- Then we have a canonical isomorphism
(CereWh) @ Q. s, V) = (Ea,,r(W2) @ QY s V) respecting the
ﬁMH,R ' OMy r '

Hodge filtrations on both sides.

Proof. By Lemma [1.19) we have isomorphisms F*(Eq, r(W1) ﬁ® QZK/IH,R/SR) =

M3 R

F' (&g, rR(W2) Y ® QRAH,R/SR) between the individual terms because they are de-

M, R
fined by Pi-modules. Then the lemma is true because the definition of the connec-
tions only involves differentials on My r and G; ® R (relative to R). O
Ry

Remark 2.15. Lemma will be needed only when G; is not connected, i.e. when
O ® Q involves simple factors of type D (as in [29, Def. 1.2.1.15]).
zZ

While we claim that the two automorphic bundles in Lemma|2.14]are isomorphic
as abstract vector bundles with integrable connections, we do not claim that the
Hecke operators on their cohomology are identical. This is harmless for our purpose,
but the reader should not make similar identifications for questions about the Galois
or Hecke actions.
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2.4. Roots and weights. We shall choose a maximal torus T of M, by choosing
a subgroup of (G2 x G&) ® R; that embeds into M, under the natural homomor-
zZ

phism (GEr x G%7)® Ry — M, defined at the end of Section There are two
cases: g
(1) If 7 = Toc, then p; = ¢; and we take T, = {t; = (¢, )1<i.<r. }, embedded
in (GEr x G&T)®@ Ry by t, — (t71t,).
Z
(2) If 7 # 7 oc¢, then we take T, = {t; = (tri )i<i.<r.} and
identify it with (G xG¥)® Ry by sending (t;;, )i<i,<r. tO
7 <ir<

((t;ér"l'ir)lgifgp‘r? (tri,)1<ir<q.)}-
We take Ty C M; to be the subgroup corresponding to

(2.16) ( TT> x (Gm® Ry) C ( MT> x (G @ Ry).
T!;[/c z T!;[/c z
Then the split torus T; is a maximal torus in both M; and Gy (this can be seen
by comparing the ranks).
Elements in Ty can be written as t = ((¢)rer;to) = (((tri, )1<i<r.)rer;to),
and hence elements in the character group X := Hompg, (Tl,GmQZ@Rl) of T

are of the from g = ((ur)rersein) = ((Hri)1<i,<r )rer/ei o), sending

t= (I wr(t)polto)=C IT  TI t5m)ee.

T€Y/c reX /e 1<ir<ry
Let XY := Hompg, (G, ® R1, T1) be the cocharacter group of Ty, and let (-, -) :
Z

X x XY — Z be the canonical pairing between X and X" defined by sending
(1, vY) € Xx XY to pov" € Homg, (Gm ® Ri, G ® Ry) = Z (matching the iden-
Z Z

tity morphism with 1). Let ®g, C X (resp. ®¢, C X") be the roots (resp. coroots)
of the split reductive group scheme G; over Spec(R;). For any root a € ®¢,, we
shall denote by o € ®¢  the associated coroot.

The choice of the positive roots @gl in ®g, corresponds to the choice of a Borel
subgroup B; in Gj. By choosing B; to contain the unipotent radical U; of P;

(using the explicit identifications in (2.5)), (2.7), (2.8)), and (2.16])), we can choose

@El such that the set Xal of dominant weights of G; consists of those u € X as
above with - ; > pr; +1 for any 7 € T/c and for any 1 < i, < r., satisfying in
addition:

(1) If G; = Spy, @ Ry, then p,, > 0.
Tz
(2) If G, = Og,, %@Rl, then firp —1 > |tr oy, |-

(If G, = GL,. ® Ry, then there is no other condition on g,.)
7

Remark 2.17. When G; = Og, ® Ry for some 7 € 7T, irreducible algebraic
Z

representations of G, are not exactly parameterized by dominant weights,
due to the presence of an element in Og, ® R; flipping the two weights
z

Hr = (M‘nlv sy B —1, /J/T,r.,) and (/’L‘nlv sy B —1, _MT,TT)' (A concise discussion

on this matter can be found in [I7, §5.5.5].) By Lemma two representations

of Oy, ® Ry will serve the same purpose for us if their restrictions to SOz, ® Ry
Z zZ

are isomorphic. Therefore, in what follows, we will denote by [u] the set of highest
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dominant weights that appear in the irreducible representation of G; containing

the dominant weight . This does not, for example, distinguish the determinant

representation of Og, ® Ry from the trivial representation, but will be sufficient
zZ

for our purpose. Then there is always a unique g’ in [u] satisfying the additional
condition that p/ , >0 for any 7 € T such that G; = Og,._ ® R;.
T Z

Let @y, be the roots of the split reductive group scheme M over Spec(R;).
Then intersection of M; (realized as a subgroup in P; as above) with the By chosen
above determines a set of positive roots ®; in @y, so that &y = Oy, NOE, .
The set X1\+/11 of dominant weights of M; consists of those u € X as above with
Wri, > fri 41 for any 7 € T/c and for any 1 < i, < g, or ¢; < i, <.

It is conventional to say that a root o € ®¢g, is compact if it is an element of
®yp,, and that o is non-compact otherwise. We denote the non-compact roots of
®g, by @M1 and denote the collection of positive non-compact roots by &M+,
For negative roots, we replace + with — in the above notation.

Let Wg, (resp. Wy, ) be the Weyl group of Gy (resp. of My). The realization of
M; as a subgroup of G; containing T identifies Wy, as a subgroup of Wq,. We
define

WML = e W, - w(XE,) C X5, -
Then any element w in Wg, has a unique expression as w = wjws with w; € Wy,
and wy € WM. Let p := 1 Y a. The dot action of Wg, (and hence the subset
aeégl

WML of it) is defined by w - p := w(p + p) — p for any w € Wq,.

2.5. Plethysm for representations. In this subsection, we denote by GL,, Sp,,,
Os,, etc, the split forms of the groups over Z, and we denote the base change
to other rings by subscripts. We shall explain in our context the construction of
representations of classical groups using Weyl’s invariant theory. (It may be helpful
to consult [I5], [I7], [20], and [47] for more information.)

Let r > 0 be any integer, and let v = (v1,va,...,v,) be any tuple of integers
satisfying 1y > vo > ... > v,.. We know that v is the weight of an algebraic
irreducible Q-representation of GL, g. Let us define |v| :== > v;. If v, > 0, we

1<ilr

say the tuple v and the corresponding Q-representation are polynomial, and write
v > 0.

For any polynomial weight v, we plot the so-called Young diagram by putting 1/
blocks in the first row, v5 in the second rows, and so on. By filling in numbers (in
arbitrary order) from 1 to |v|, we obtain a so-called Young tableau for v. (See, e.g.,
[15, p. 45].) We shall denote a particular choice of Young tableau of v by D,. Let
&|,| denote the symmetric group of permutations on {1,2,...,|v|}. Based on the
choice of D, we define ‘Bp, (resp. Qp,) to be the subgroup of &, consisting of
elements permuting numbers in each row (resp. column) of D,.. Let Z[&),|] be the

group algebra with generators ey, for each h € &,|. Let us define ap, := ep
hePp,
and bp, := > sgn(h)ep. Then the Young symmetrizer is cp, := ap, bp, .
heQp,,

Lemma 2.18. Let n = |v|. Then we have the following facts in Z]&,]:
(1) CDVZ[6n]CDV C ZCD,,'
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(2) ep,cp, =dp,cp, for some integer dp, dividing n! (i.e. factorial).

(3) Let D, be the Young tableau for some v’ > 0 with [v'| = n. Thencp,cp , =
0ifv#£r.

(4) Let Vp, = Z[S,]cp,. Then Vp, g is an irreducible Q-representation of
&,, and Vp, o = Vp , o (for some D, with [v'| = n) if and only if v = V'

Proof. In [47, Ch. IV, §3] or [15], §4.2, Lem. 4.23, 4.25, and 4.26], variants of these
are stated over C, but the proofs are valid for our statements above over Z or Q. [

Let Vga,r := Z®" be the standard representation of GL,. Let n > 0 be any
integer. Then (g,h) € GL, x &, acts on V2! by
g1 RV ®...Qvy,) :=g(v1) ®@g(v2) ®...® g(vy,)
h(’l}l RV ... ®Un) = Up-1(1) QUp-1(2) @ ... QUp—1(p)
for any vy,ve,...,v, € Vga . (These relations are interpreted functorially.)

Proposition 2.19 (cf. 20, 2.4.3]). There is an isomorphism
(220) Viie= @ (V8 Vp,)

v>0,|v|=n
between Q-representations of GL, g X &y, called Schur duality, where V,, g is the
algebraic Q-representation of GL, g of highest weight v, and where D,, is any Young
tableau for v. As a result, we obtain Weyl’s construction, an isomorphism
(2.21) Voo ¥, Vit o
between Q-representations of GL, g for any polynomial weight v of GL, g.
Proof. The proof of (2.20)) in [20, 2.4.3] is carried out over C. Once (2.20) is known
over C, we know (2.21)) over C by Lemma [2.18] Then (2:21)) is true over Q because

both sides of ([2.21)) are absolutely irreducible and defined over @, and hence (2.20))
is also true over Q. O

Definition 2.22. Let r > 0 be any integer. Let Vg o, = ZP% = 72097 g7%"
be equipped with the standard symplectic pairing (-, - )sta with matriz (_(ir 16 ),

and with the standard symmetric pairing [-, -]sta with matriz (107. 10'"). Then we
have a canonical action of Spy, on Vga o preserving (-, -)sta, and a canonical
action of Oz on Vgpq or preserving [-, -|sta. For any integer n > 0, and for any

1 <i<j<n, we define ¢Z<J> :Vg&zr — ngf;m by
¢§7‘j">(v1®v2®...®vn) = (0, )(®...00®...00Q...0U,),

and define similarly ¢£"j"] : V?ﬂzr — Vg((;;z) by replacing (v;,v;) with [v;,v;] in
the above expression. (Here ¥; and 0; denote omissions of entries as usual. When

n < 2, we declare Vﬁgf{f) = 0 and hence gbz(j> =0= d)g"j"}.) Then we define
(n) ._ (-5 o] . _ [-,-]
Vstd’% = lgigjgnker(d)m ) and Vstd,% = 1§igjgnker(¢i’j ).
Note that Vgiq 2, is its own dual under either (-, -) or [-, -]. Therefore, the
maps ¢§j> and (bg"j"] define, by duality, the maps 1?5]) : Vg((fzf) — Vg(?,Zr
and zZJI[J] : Vgé";rz) — Vgé‘%, respectively, by inserting the pairings into the

i-th and j-th factors. (See [I5, §17.3 and §19.5].) By taking a standard sym-

plectic basis as in the proof of [I5, (17.12)], we see that gbe)wa) = 2r, and
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hence (2r)ker(¢) 7)) € ((2r)1d—w!; 7ol ) (VELS,) € ker(o ")), Similarly,
oi Tl o) = 20 and hence (2r)ker(o} ;') < ((2r)Id -l Yol Y (VELL,) ©
ker(¢£"j"]). These relations will be especially useful when 2r is invertible in the
rings we consider. (See Section below.)

Proposition 2.23. Let v = (v1,va,...,v,) be the weight of an irreducible algebraic
Q-representation V£Q> of Spy,q satisfying vi > va > ... > v 2 0. We view v
as a polynomial weight of GLa, by supplying zeros in the end. Then we have an
isomorphism Vf,@> = Vé‘ti’il’ér’(@ ﬂ(cDquﬂnQ) between Q-representations of Spa,. g
for any choice of Young tableau D, for v.

Proof. This is stated (without proof) in [47, Ch. VI, §3] and proved in [I5, Thm.
17.11] over C. Tt is then valid over Q because both sides of the isomorphism are
absolutely irreducible and defined over Q. ([

Proposition 2.24. Let v, be the element of Os.q flipping the two
weights (w1, 2, -, fbr)  and  (p1,po, ..., —py) of Osgrq for any integers
> po > ... > pp > 0 (¢f. Remark . Let v = (v1,v,...,v.) be the
weight of an irreducible algebraic Q-representation VLQ} of Oz, q satisfying
V1> vy > ... >V > U > 0. When v, =0, we require moreover that the action
of v 1s trivial on VLQ] We view v as a polynomial weight of GLo, by supplying

zeros in the end. Then we have an isomorphism V[V‘@'} = Vg,ﬂ]%@ ﬂ(chV?;(‘iglr_Q)

between Q-representations of Oz, q for any choice of Young tableau D, for v.

Proof. This is proved in [47, Ch. V, §7] and stated (without proof) in [I5, Thm.
19.19] over C. A modern treatment can be found in [I7, §10.2.5]. It is then valid
over Q because both sides of the isomorphism are absolutely irreducible and defined
over Q. O

Remark 2.25. When v, = 0, there is another irreducible representation of Os, g
containing the weight v, on which -, acts nontrivially. According to [I7, §10.2.5],
b b
it is isomorphic to Vgt"d QTQ m(CDUnVSﬂVQl Q), where ! = (VE, ceey I/ET) is the poly-
nomial weight of GLso, such that, for 1 < ¢ < r, VE = v; and 1/5”171- := 0 when
v; > 0, while uf = ugr+1_i := 1 when v; = 0. In other words, it can be constructed
by a variant of the isomorphism in Proposition [2.24] However, for simplicity, we
shall ignore these representations. (As in Remark [2.] 7[, this is justified by Lemma

2.14])

As in [42] 1.5], a Z-lattice in a Q-representation of a group scheme over Z is
called admissible if it is stable under the action of the group scheme.

Definition 2.26. Let v = (v1,va,..., 1) be a weight satisfying vy > va > ... > vy,
(1) Let vpy1 be any integer such that v, > vey1, put V' = (1 — Vpy1, V0 —
Vptl,-- -,V — Vpy1), and choose any Young tableau D,/ for v'. Then we

define V,,,, ., to be the admissible Z-lattice

’
VU’VT‘H = (CDu/VSi(!l’jrl) ®(/\TVstd,r)®Vr+l

in Vig 2 Vyq@det® 2 (ep, VALl ©(N Vaa ). (Here

\% depends on the choice of Vpy1, butV,, . ®Q=V,q does not.)
Z

VysVr41
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(2) If v, > 0, we can view v as a polynomial weight of GLa, by supplying zeros
in the end, and choose a Young tableau D, for v. Then we define Vf,' ) to
be the admissible Z-lattice

e [v]) v\ _ (vl
Vl</ - Vstd 2r (CD Vstd 27“) CDsttd,Qr

in V< ) Viltz‘gr@ N(cp,, Vi(‘i 2|7, o), and we define VL) to be the admis-
sible Z lattice

- v Q |v v
V[V o Vgtdl]Qr (CD Vstc‘l 2|7‘) - VgthQr
in VLQ} = V£|tl:1|]2r ol (CDuvg(‘i,Vzlr,Q)'

The admissibility of these Z-lattices is clear because the constructions using

Young symmetrizers, using Véltlé‘éw and using VgthQT are all compatible with the

actions of the group schemes (over Z).

Definition 2.27. Suppose p = ((1r)rex/eito) = (((tri;)1<is<r, )rex/ci Ho) €

Xél. By replacing p with another element in [u] (see Remark D if necessary,

we shall assume that pr .. > 0 for any 7 € T such that G; = Og,._ ® Ri. There are
z

three cases for factors G, of Gy:
(1) If G; = Spy,. ® Ry, then we set'V, = VL;"> ® Ry.
Z z
(2) If G; 2 Oq,, %}Rl, then we set V), := VL'T"] %Rl.
(3) If G; 2 GL,, ® Ry, and if fir .41 is the even integer such that 1 > p, . —
7
frr +1 > 0, then we set V,, = Vuﬂ“mTH %)Rl.
Here the modules V,S;’», VL;">, and V.. . ., are defined in Definition M
Then we set

Viw ::( %/ Vi )1(?”@#0’
TE c 1

where v is the free rank one Ri-module on which Gi acts via the similitude char-
acter.
Definition 2.28. Suppose 1 = ((jir)rersei fo) = (((ri)isio<r.)rer/ei o) €
X1\+/[1- There are two cases for factors M, of My :
(1) If r =71 oc, then M, = GL, ®R1, and we take W, =V, .,  QR;.
Tz
(2) If T #7oc, then M, (GLqT x GL,_) ® Ry, and we take
Z
W/J'T = (V(p'T,lhu'T,Qv“'a#T,qr)HU‘T,(]-;- %V(ILT,QT-FlHU‘T,(I7'+27"'HU’T,T7—)MU‘T‘TT ) % Rl'

Then we set

W, = ( ) W;L,> ® v®Ho,
T€Y/c Ry

where v is the free rank one Ry-module on which My acts via the similitude char-
acter.
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2.6. p-small weights and Weyl modules.

Definition 2.29. We say 1 € X is p-small for Gy if (u+ p,a") < p for every
a € Bg,. We say p € X is p-small for My if (u+ p, V) < p for every o € dyy, .
We denote the subset of X that are p-small for Gy (resp. My) by Xéfl7 (resp. le,[’;),
and we set XG=P == X§& NXP (resp. Xip P = X{;, nXF).

Remark 2.30 (cf. [42], 1.9]). The dot action of W¢, sends a p-small weight of G,

to a p-small weight of M;. The second statement in Definition [2.29] makes sense

because py, == & > o satisfies (p — pui,,aY) = 0 for any o € ®y,. Thus, if
aE@f\r/Il

w1 € X is p-small for Gy, then w - p is p-small for M; for any w € W¢, .

Since G (resp. Mj) is split over R;, there exists a split reductive algebraic

group Ggpiic (resp. Mgpiig) over Z,y such that Gi = G ® Ry (resp. M; =
Zp)
Mgpiit ® Ri). Note that Ggpit (resp. Mgpiit) has the same roots and weights as Gy
Z(p)
(resp. M1), and is a (semi-direct) product of Gy, with groups of the three types in
Propositions |2.19|, 2.23|7 and |2.24| over Z,y. For p € Xgl (resp. p € Xﬁl)7 let V.0
(resp. W, @) be the irreducible representation of Ggpiir ® Q (resp. Mgpiir ® Q)
Z(p) Z(p)

containing the dominant weight u (see Remark for the meaning of [u]) with
simple factors (modulo the similitude character) of the forms given in Propositions
2.19] [2.23} and [2.24] (See also Remark 2.25]) Let V) 7, C Vju.q (tesp. Wz, C
W,0) be the Weyl module over Z,) defined as in [42, 1.3], (namely the span of
a highest weight vector under the action of the group scheme over Z,),) which is
minimal among admissible Z,)-lattices in V|, o (resp. W, g) containing the same
highest weight vector. (See [42] 1.5].)

According to [42, Cor. 1.9], if p € Xg’fp (resp. p € X;’A’f”), then all admis-
sible Zp)-lattices in Vj,) o (resp. W, ) are isomorphic to each other. Therefore,
it necessarily follows (cf. [42, Cor. 5]) that Vi,; = V|12, Z((@) Ry (resp. W, =

Wiz, ® Ry), regardless of the artificial choices made in Definitions [2.27] and
Z(p)

2280 We set V|, g := V| 1(? R (resp. Wy, g =W, 1? R) for any R;-algebra R.

3. GEOMETRIC REALIZATIONS OF AUTOMORPHIC BUNDLES

The aim of this and the next sections is to explain how automorphic bundles
and their cohomology can be realized geometrically using the cohomology of fiber
products of A — Sy (with trivial coefficients).

3.1. Standard representations. Consider the decomposition induced by
(1.5). By [29, Prop. 1.1.1.17], we have O, = M, _(Op ) for some integer ¢, > 1.
There are three possibilities, depending on the classification of the group G, or
rather the restriction of x to O,. (See [29, Lem. 1.2.3.2] and its proof, with several
misleading typos corrected in the revision.)

Suppose G, = Sp,,. %Rl. This happens exactly when 7 = 7 o ¢ and the re-

striction of x to O, is of the form = +— ctzc™! for some element ¢ € O, sat-
isfying ‘c = c¢. Let us take e, € O, & M;_(Op,) to be the elementary idem-
potent matrix Fq; with unique nonzero entry 1 at the most upper-left corner.
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Then we have ‘e, = ¢;, 0;e,0, = O, and Lga, := e,(L1) C Ly is a free

Ri-module of rank 27, whose O,-span in Ly is L, (under the identification )

For any Rj-algebra R, to check if ¢ € GLo, (L) lies in G,, we need to verify

if (gx,9y) = (z,y) for z,y € LTI? R. We may assume that z € E-,—(ngi) R).
1 1

Let us write © = e,zg and y = cyp for some xp,yp € L;. Then z = .z, and
(z,y) = (erm,y) = (x,eky) = (z,cle,cly) = (x,ce,c7ly) = (x, ce,yo) shows that
it suffices to check if the action induced by g on Lgq - preserves the pullback to R
of the pairing (-, ‘- )std,r : Lsta,r X Lsta,r — R1(1) defined by (x, 2)sta,r 1= (z,c2)
for any x,z € Lgia,-. (This pairing is alternating because ¢* = ctec™ = ¢.) Then
we view (Lstd,r, (-, - )std,r) as the standard representation of G, = Sp,,._ % R;.

Suppose G, = Og,. ® Ry. This happens exactly when 7 = 7oc and the restriction
Z

of x to O is of the form x + dtxd~! for some element d € O, satisfying 'd = —d.
Let us take ¢, € O, = M _(Op) to be the elementary idempotent matrix Eqq
with unique nonzero entry 1 at the most upper-left corner. Then we have ‘e, = ¢,
0,6;0; = O, and Lgta,r := €-(L1) C Ly is a free Rj-module of rank 2r,; whose
O,-span in L is L, (under the identification ) By an analogous procedure as
in the symplectic case, we define the pairing (-, - )std,r : Lstd,r X Lsta,r — R1(1) by
(x, 2)sta,r := (x,dz) for any =,z € Lgq ~. (This pairing is symmetric because d* =
d'dd~! = —d.) Then we view (Lstd,» (-, - )sta,r) as the standard representation of
G, = OQTT % R;.

Suppose G, = GL,_ %Rl. This happens exactly when 7 # 7o ¢. Then %
switches the two factors O, and O, in . Let us take ¢, € O, = M,;_(Op)
to be the elementary idempotent matrix F;; with unique nonzero entry 1 at the
most upper-left corner. Then we have O,e,0, = O, Or0c65O0r0c = Oroc, and
Lga,r == e-(L1) C Ly and Lia, = ex(L1) C Ly are free Ry-modules of rank
rr whose O,-spans in L; are respectively L, and L,.. (under the identification
(2.2)). Then the restriction of (-, -) to L, x L, is determined by its restriction to
Lgta,r X L;ftdﬁ, so that the action of G; on Lgq  is determined by its action on
Lgtd’T, and we view Lgq ~ as the standard representation of G; = GL,_ (%) R;.

Any element b@r € O; = O® Ry acts on ﬁ‘fR(A/MHJ) by
Z

(b@7)s = 1i(D)w : HIYM(A/Myy 1) — HIR(A/ M),

where 7 : O < Endw,, ,(A4) is the O-endomorphism structure inducing i(b). by
functoriality, and where 7 acts via the Rqj-module structure. (Similar actions work
for any reasonable homology or cohomology of A with coefficients in Rj-modules.)
Since ¢, is an idempotent, we obtain an R;-module summand

Ly, = (er)«(HI™(A/M31))
of H{®(A/Mj.1). By functoriality and exactness of &g, (- ), we have

5G1 (Lstd,f) = Lstd,‘r‘

3.2. Lieberman’s trick. Let m,n > 0 be two integers. Let Z denote the multi-
plicative semi-group of integers, and let Z™ denote its n-fold product. Then Z" has
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a natural componentwise action on LY ™, inducing canonically an action on

3.1 AT (LP™) = (/\“L A2 L (AL )
(3.) @ e (L) 9RRL) @ . 9N L)
114io+...+ip=m
with (I1,12,...,1,) acting as {2 ...1 on (A"Ly) ®@(A2L) ® ... @ (A" Ly).
Ry Ry Rq
When m = n, the summand with i; =i, = ... =14, =1 is just L?".

Suppose m < p. For each 0 <i < m except ¢ = 1, choose an integer 1 < (i) < p
such that 1(¢)* — I(i) is a unit in Z,. This is always possible because m < p. Let
ey, ;; denote the element I(i)(1,1,1,...,1) — (1,...,1(i),..., 1) in Z[Z"] with I(i)
appearing in the j-th entry in the second term (with all the other entries 1). Then
€, acts as zero on all summands in (3.1) labeled by (i1,a,...,in) With i; = 4,
and acts as the unit [(i)" — (i) in Z(,) on all summands with i; = 1. If we take the

element
ehm= 11 I QG —16) " ek, )

1<j<n 0<i<m,i#1
in Z,)[Z"], then €&, acts as zero on all summands in (3.1)) except for L™ when

n,m

m = n, on which it acts as 1 instead. This shows that € ,,, acts as an idempotent

m
on A™(LP™), defining a projection to LY ™ when m = n. We shall denote ey by
el for simplicity.

Now suppose we have a tuple n = (nr),cy/c such that n = |n| :== 3 n,
TEY /e

satisfies n < p. Consider the componentwise action of O on LY ™. To be precise, we
shall denote elements in O by b = ((br.i, )1<i, <n, )rex/c- Consider the idempotent
en = (rm,)revse = ((Ern,i)i<i<n, )rer/e In OF with erp i = &7 for any
7€ Y/cand any 1 < i, <n,. Then we have

© LiTT Zeney (N(LYT)).
T€Y/c

Geometrically, we can realize A™(L™) by taking the n-fold fiber product A™ of
A over My 1 and then taking the m-th relative de Rham homology

H (A" Mag1) = A (HTH(A/ Mg 1) 7).
Then we obtain natural isomorphisms

far( ® LQip) = @ LRy = (en)s (en) H (A" /Myga).
T€Y /e ’ T€Y /e ’
3.3. Young symmetrizers. Now suppose we have an element pu € XEI such that
p= ((Hr)rersei o) = (((Hr,i,)1<i,<r, )rex/cibo). As always, up to replacing u
with another element in [p] (see Remark [2.17), we shall assume that p,, > 0 for
any 7 € YT such that G, 2 Oy, ® R;. For each 7 € T /¢, we have two possibilities:
z
(1) If G; 2 Sp,,. ® Ry or G, = Og,._ ® Ry, we view p, as a polynomial weight
Tz Z

wh. of GLa,., by supplying zeros in the end. We set ¢, := 0 in this case.
(2) If G, = GL,, ® Ry, we take pr, 41 to be the unique even integer such
Z

that 1 > pr . — firr 41 > 0, and take the polynomial weight p! = (pr1 —
Hrro+1s B2 — Hrr 415« oy brr, — .u’T,T‘T-‘rl) of GLT,. %Rl We set tp,,. =
(1/2)r7phr r,+1 in this case.
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In either case, we take a Young tableau D,/ for p, and define the Young sym-

metrizer CD,, in Z[GWH}. By Lemma D, CD,, = dDu’T CD,, for some integer

dp,, dividing |p7|! (i.e. factorial).

Definition 3.2. Set |uly := max |ul| and |plr = Y |pl|. (Here u. is defined

TET/c T€EY /c

after replacing p with the element in [u] (see Remark [2.17) satisfying pr . > 0 for

any T € T such that G; = Oz, @ Ry1.) By abuse of notation, we shall also write
Z

lprln = |ul|. We say a weight p in Xgl is p-small for Young symmetrizers
(resp. for Lieberman’s trick) if |uly < p (resp. |p|n < p). Obviously, |uly, < p
implies |uly < p, and they coincide when Y /c is a singleton. If |ulL, < p and
uwe Xg’f” , we say p is p-small for the geometric realization of Weyl’s con-
struction. We denote by Xg’f”’ (resp. ng”’, resp. Xg’pr) the set of weights
p-small for Young symmetrizers (resp. for Lieberman’s trick, resp. the geometric
realization of Weyl’s construction).

Now suppose y € Xg’f”’ (and hence p € ngﬂ’)_ Then dBi/T D, € Zp)[Su ]

for each 7 € Y/c, and we define

Y —1 can.
eli= ® di cp,)E€ ® Z[Bi] = Z,)[6 ’
" TET/C( D“/T D”T) T€Y /c (p)[ “ufl] (p)[ |#|L]
which acts on  ® Li(‘;i’ | as an idempotent. Since &, acts naturally on Alrln

T€Y /e
by permutations, we can realize the geometric action (¢)). on HIR(AlIL /My, )
by functoriality.

We shall denote by EE the €, in Section with n = (| |)rer /e

3.4. Poincaré bundles. We retain the setting in the previous section.

Suppose T € T/c satisfies 7 = 7 o c. Suppose (z,y)star = (z,c,y) for some
¢r € O, (which was either ¢ or d in Section depending on whether we were in
the symplectic or orthogonal case) such that e* = c,e,c; !, for any z,y € Lgta,r =
Er (Ll)

For any 1 <i < j < |u.|, we define ¢§7‘j">“d‘ : Lg(li”;*‘ — Ligi’fl_z)(l) by

¢z<',-jy->smﬂ—(vl ®02®'~~®v|u;|) = <vi;vj>std,'r(vl®~u®f)¢®...®'ﬁj®...®v|u;‘)
for v1,..., v | € Lsta,r, and define ¢)§,'j’c*5*'> : L?Wfl — L?(ng_z)(l) by
(;Sg'j’c’sf')(vl®v2®...®v|#“) = (Ui, CrEr0) (11 ® ... RV ®... QU ® ... QU )

for vy, ..., v | € Ly. (Here 9; and 9, denote omissions of entries as usual.)

Lemma 3.3. We have ker( g"j’»“d’) = 57,|M;|ker(¢§’3’6767'>) in L?Wfl, where

Eru| € (’)‘f*l has all its entries equal to €.

Proof. This is because (x, c,e,y) = (x,c.e2y) = (z, (crercierery) = (6,2, crery)

for any z,y € L. (See Section [3.1]) O
Now let us turn to geometric realizations. The first Chern class

c1((Ida xA\)*Pa) €  HAg(A%/My1)(1) induces, by Kiinneth decomposi-
tion, the pairing (-, -)x : H{(A/My1)x HI%(A/My1) = Om,, (1),
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which is the geometric realization of (-,-) : Ly xL; — Ry(1). Thus, if

Crer = D ba®rq € Or = OR Ry, then (-, cre; ) is realized geometrically by
acl Z

oy =Y ra(lda xi(ba))*(c1((Ida xA)*Pa)) € Hig(A?/Ma1)(1)
ael

For any 1 < i < j <|ul|, consider the Kiinneth morphisms

.. ’ _92 i ’ ’
K H (A2 Ma) 0 Hig (4 M) < BT (A7) /My )
H,1
corresponding to the i-th and j-th factors in Alnzl, (Note that the image of KlTJ
can also be cut out by a variant of Lieberman’s trick.) Then the composition

H i AV M) = HGE 2 (AP0 Mgy) @ Hin (4% /M)

M31

d®Uc}) r_ r Kid / /
S HSE AT M) @ (AT Ma) (1) 5 B (AR M) (1)

M3y,1
is dual to the morphism ﬂﬁﬁ‘(AWH/MHJ) — ﬂﬁz|_2(A‘“;|*2/MH71)(1) inducing
the geometric realization

(3.4) O 5t HIT(A My )27l — HIR(A/ My 1) Ie71=2) (1)

Y]
of ¢§,jj’0757'>. That is, we take the cup product of the image of
ﬂlﬁél_Q(A'“’f"Q/MH,l) under KZTJ in ﬂldlﬁl_%A‘“;'/MH,l) with the pull-
back of ¢} to Akl
On the other hand, the pairing (-, -) identifies H{®(A/My ;) with its own
dual, with values in Oy, ,(1). Therefore we obtain a morphism

(3.5) gt HIR(A/ My )20 172 (1) — HIR(A/ My 1)@ 7]

7,0,
geometrically realizing the map 1/)23’676") : L?(|M;‘72)(1) — L?Wfl inserting
(-,cre;+) into the i-th and j-th component. Since ef = c,e.c.t, the

T
geometric action of e, commutes with ¢} and ) and induces

7|IJ‘[r‘ T8, T,4,57

AL r®lull ®(|p71-2) AL redetl-2) ® |u’ |
T,%,J ° LStd,T - LStd,T (1) and ¢T,i,j . Lstd,f (1) — Lstd,‘r .
Now assume that either r. = 0 or p { 2r,. This is true, for example, if

max(2,7;) < p. As explained in the paragraph following Definition we have
&a, (ker(gb«v")“d’)) >~ (Id —(2r,) "1, @, (LS “L"). (We cannot define (2r,)~!

1,5 T,4,J 7 T,1,5/ \Zstd, T

when r, = 0, but at the same time Lg Gllﬂ I | is trivial. In this case, we shall maintain

the abuse of language that Id —(2r, )1 i‘” f_‘z ; and similar operators below are
defined symbolically and act trivially.) Combining all possible 1 < i < j < |ul |, we
define si‘ | t0 be the R;-linear combination of algebraic correspondences on Alwr]

acting as the idempotent

(3.6) )= I Gd=@r)7e, 00,

1<i<j<|ul |

on H{®(A/My1)®1#7]. Then () " ‘)*(Lg(ﬁ’l) is isomorphic to &g, (Lél’;/’y) (resp.

€, (LI 1)) when G, = Sp,, @Ry (resp. Gr = Onr, @ Ry).
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Finally, in the case 7 # 7 o ¢ we set e} e to be trivial, so that (2 ) = 1d.

Using the Kiinneth morphisms, we define 5,’) to be the product of pullbacks of

L2 as the idempotent

A A
€7 |» SO that (e4)« acts on Te@‘;/c*“d”
AN A
D= 2

3.5. Geometric plethysm. We can summarize our constructions as follows:

Proposition 3.7. Suppose u € Xé’pr, with 0 < n := |p|L < p, as in Definition
. Then p € Xé’fp as well, so that the Weyl module Vi, is defined. (See Section
2.6L) Suppose moreover that max(2,r,) < p whenever 7 = Toc. Consider the n-fold
fiber product A™ of A over My 1. Consider the coherent sheaf ﬂ‘iR(A”/MHJ) >
AM(HIR(A/Myy 1)®™) equipped with the canonical action of Ry[O} x &,] induced
functorially by the O-endomorphism structure i : O < Endwm,, , (A) and by permut-
ing factors. Let €&, EE, and 5:{ be the elements in R1[OF x &,,] defined in Sections

and let sf; be the one defined in Section all acting as idempotents on

HM (A" /My ). Pute, :==cepe) 5 ek, so that

()« = (E0)« (£2)« (€0)x (€1
and let
tu = o + Z tMT
TEY /c

be the total number of Tate twists. (The order ofsﬁ, 52{, EE, and €% in the definition

of €, does not matter, and their product €, acts as an idempotent, because they
commute with one another by definition.) Then we have canonical isomorphisms

Vi = Ea (Vi) = (£) HRM (A" Mag1)(1,)-
and (by duality)

Vi = Eay (V) = (e0)" Hir (A" /Mag1)(—t,).
Moreover, the F-filtration on Eg,(Vj,)) coincides with the Hodge filtration on
Hig (A" /M31)(t,). The duality between Eg, (Vi) and 5G1(V[Z]) is obvious.

Proof. Since p € Xé’pr , the construction in Section shows that V|, can be
constructed using the same collection of idempotents. Hence the result follows from
the identifications in Example and from the matching between powers of the
similitude character v and Tate twists. O

Remark 3.8. Since €, acts as an idempotent, the vector bundle Vi (resp. KEL]) is
a direct summand of HIX(A" /My 1)(t,) (vesp. Hig (A" /My 1)(—t,)).

Definition 3.9. We set d := dims,(My1), |tthe = d + |pn, and
ot = dims, (A7) = d + dimy,,, (A) |ulo.  We call |uhe (resp. |lior)
the realization size (resp. total size) of p.

Remark 3.10. According to Remark [[.I0] we have the simple formula
d= dile (Gl) - dile (Pl)
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Remark 3.11. Note that |u|re and |p|tor are always non-negative and are insensitive
to the entry pg in p. In particular, they are different from the so-called motivic
weight of the local system KEL]. (Nowhere in the various bounds in our results on
torsion coefficients will appear the motivic weight.)

3.6. Construction without Poincaré duality. We retain the assumptions of
Proposition in this subsection.

The definition of the idempotent ,, which we have employed to realize K[VH]
as a direct summand of Hyp (A" /My1)(—t,) (see Remark , relies on Poincaré
duality when 7 = 7 o¢ (i.e., for types C and D). For technical reasons (that will be
clarified in Section , it is preferable to avoid this dependence, and here is how
it can be done.

So suppose 7 € T satisfies 7 = 7 o ¢. For simplicity, let us assume that G, =
Spa,.. %Rl. (The case when G, = Og,.. %Rl is similar.) Then we know that

(Ei\,m;\)*(égcli{f‘) >~ &q, (Li‘tﬁ/’,p) is the kernel of

3.12 Ao LBl L2172,
(3.12) 19%@ Orij Luas 19‘%9* (1)

A
Ty1,J

(See the paragraph containing (3.4).) Here the notation ¢ makes sense (as a

restriction) because the geometric action of e | .| commutes with (Zﬁi\,m‘- Equiva-
lently, (e W |)*((Lstd7fv)® W71} is the cokernel of

A \% 1 ’
(3.13) @) s @ (L)1) o (L ).

1<i<j<
1<i<j<n seysn

As explained in Section the definition of each (¢ )V involves only functoriality

750

and cup product with the pullback of .

Lemma 3.14. The image of the morphism (3.13)) is globally a direct summand (as
a coherent module with connection,).

Proof. This is because it is the kernel of the idempotent (2 ) O

Remark 3.15. The point is that, while we use (55_‘ ! |)* in the proof, we do not need
it in the definition using the morphism (3.13]).

Lemma 3.16. If |ule < p, then the kernel of the morphism (3.13) is globally a
direct summand.

Proof. Equivalently, we can show that the image of the dual morphism (3.12) is a
direct summand. Without using a convenient idempotent like (g2 W )7, it suffices

to notice that (3.12) is the functorial image under £g, g, (-) of a similar morphism
in Repp(Gi). The question is whether the surjection from the source to the image
of this morphism (in Repg(Gy)) splits (non-canonically). By [42] 1.10, Cor.] (or
rather by the same proof there), it suffices to show that all the objects in
lie in the image under &g, g, (-) of representations with p-small weights, between
which there cannot be any nontrivial extension classes. Since |u|e = d + |u|L < p,
it suffices to check that, for any integer m such that 0 < m < p — d, all the weights

of the representation LE " of Gy (or rather of G;) are p-small. Any weight v of

LG satisfies |v-|:== Y |vr| <m <p—d. Then, for any 1 <i, < j, <ry,

1<i, <r,
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we have |v-;_ +i-| + vy . + j-| < m+d < p. This implies that (v + p,a") < p,
i.e. v is p-small, as desired. [

Remark 3.17. Lemma [3.16|is needed only in Section [5.2

4. COHOMOLOGY OF AUTOMORPHIC BUNDLES

In this section, we fix a choice of u € XZS’fW” and take n = |u|,. We shall
maintain the running assumption that max(2,r,) < p whenever 7 = 7 o ¢, so that
&

the element ¢, = e) e¥ &5 ek in Proposition [3.7]is defined. Let f,, : A" — My 1 be

mEp Cp
the structural morphism.

4.1. Koszul and Hodge filtrations. By smoothness of f,, we have the exact
sequence 0 = fr (. /s,) = Qyn/s, — Q,law/MH,l — 0, which induces the Koszul

filtration [24] 1.2, 1.3] K Q%0 )s,) = image(Q;‘;‘;Sl ﬁ%ﬂ f;(Q;\lAH,l/Sl) = Q%0s,)

on %, , with graded pieces Grﬁ(QAn/Sl) = Q:‘;‘}MHJ ﬁ@fﬂ f;(QﬁAHJ/Sl).

On the other hand, we have the Hodge filtration F*(Q%, . ) = Q;%‘;MH .

on 0%\, ,, giving the Hodge (filtration F*(Hgr(A"/My,1)) =
image(R (fu)o (@ pn ) = RIC)e (@, ) on (A" /M),
By applying R*(f,)« to the short exact sequence

(41) O — szl/MH,l ﬁ(%n f;(ﬂﬁﬂn,1/51) — KO/K2 - QA"/MHJ - 0’

we obtain in the long exact sequence the connecting homomorphisms

i n i . V i o— * ~

ﬂdR(A /MH,I) =R (fn)*(QAn/MHYI) — R +1(fn)*(QAn1/MH71 0@ fn(Q'{A’H,l/Sl)) =
A

Hir (A" /My 1) ﬁ@ Q'{AHJ/SI, which is the Gauss-Manin connection. If we take
Ma,1

the F-filtration on (4.1), we obtain 0 — (Fa_l(Q;ln/MHJ) ﬁ%ﬂ f;(QI{A’H,l/Sl))[_l] —

F2(K°/K?) — F*(Q%n m,,,) — 0 and hence the Griffiths transversality (as in [24,

Prop. 1.4.1.6]) V(F*(Hz(A"/My.1))) C F Y (Hig(A" /My 1)) & I
M1

Sinqe A"™ — My, 1 is an abelian scheme, the Hodge to de Rham spectral sequence

EP'T = Ri_“(fn)*(Qin/MH ) = Hgr(A" /My 1) degenerates at Ey. (See for

example [4 Prop. 2.5.2].) Then Grg(H g (A™/My.1)) = Ri*“(fn)*(QZ,L/MHJ),

and we can conclude (as in [24, Prop. 1.4.1.7]) that the induced morphism

V : Grg Hig (A" /My1) — Gre=t Hig (A" /Myq) m;X) Ql{/l’H,l/Sl agrees with the
H,1

morphism R*™(fn).(Q%n jm,, ) — R"—““‘l(fn)*(Qi;}MH‘l) m;@ Qe s, defined
H,1

by cup product with the Kodaira—Spencer class.
The Koszul filtration gives a spectral sequence

(4.2) Ep’ = ROV () (Grg (% s,)) = R (fu) (s, ),

where each E” can be canonically identified with H%g (A" /My1) & Qs 1 /50
ﬁM’H,l 1/91

As in [23], (3.2.5)] (with the notation K here being F there), the de Rham complex
(HYR (A" /My 1) L& D, ys,0 V) is the complex (E*,d??) in the b-th row of the

M3 1
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E,-terms of the above spectral sequence (4.2]). By taking cohomology over My 1,
we obtain the Leray spectral sequence (cf. [23, Rem. 3.3])

(4.3) E5" = Hip(Ma1/S1, Hig (A" My 1)) = HGZ (A" /S1).
(The left-hand side of 1; stands for H(My1, Hip (A"/Ma1) © Qy o),
Omyy 1 ’

for simplicity.)

For any integer [, we denote by [I] the multiplication by [ morphism on the
abelian scheme A™ over My, 1. This lets the algebra Z,[Z] (spanned by the symbols
[]) act on the (relative and absolute) cohomology groups of A™. Essential in the
Lieberman’s trick is the observation that [I] acts as multiplication by I* on the
relative cohomology H® of any abelian scheme.

Proposition 4.4. Suppose 2d < p. Then the Leray spectral sequence (4.3)) degen-
erates at Fso.

Proof. The algebra Z,)[Z] acts on the spectral sequence by functoriality. Let
lp be an integer reducing modulo p to a generator of IE‘;. Then for any pair of
integers i and j, the integer [§ — lé is invertible in Z,y unless ¢ = j mod p—1. For
an integer bg such that 0 < by < N := 2ndim(A/My 1), put

de 7\ — 7
(4.5) Ehyo 1= 11 (e —16) " ([lo] — 16[1]) € Zp (2
0<i<N, i#by mod p—1
It annihilates E;’b unless b = by mod p — 1, acts as a unit on Eg’b when b = by

mod p—1, and acts as 1 on E;’bo. Already from the terms on the Es page of ,
we have E@* = 0 for all 7 > 2, unless a € [0,2d] and b € [0, N]. Any differential
between terms in two rows of E, with the vertical distance at least p — 1 is zero,
since p — 1 > 2d. With varying by, we obtain the degeneration of (4.3)). O

Remark 4.6. The degeneration itself is not strictly necessary in the main line of
proofs of our results. However, we will make use of the element (4.5]).

4.2. De Rham cohomology.

Lemma 4.7. With the assumptions as in the beginning of Section[4], the application
of (ex)* and the Tate twist in Proposition gives
(Vs ® hnryss V) = (6" (A" M) & D, ss, V()
Ma¢,1 Ma¢,1

and respects the Hodge filtrations on both sides.

Proof. The operator ¢,, was defined using the product of certain R;-linear combi-
nations of pullbacks via morphisms between My, ;-schemes, the first Chern class of
the Poincaré line bundle, the cup product, and the Kiinneth decomposition. As
such, (g,,)* is horizontal with respect to the Gauss-Manin connection. The Hodge
filtrations are respected because they are so when V{,; = L; as in Example O

Proposition 4.8. With the assumptions as in the beginning of Section [, suppose
moreover that 2d < p. Let £1°8 € Z,[Z] be defined by (4.5) (with some choice of
lo and with by = n). Then we have a canonical isomorphism

(4.9) Hip(Ma1/S1, Vi) = (e4) (€0°8)" Hyh" (A" /S1)(~t,).

for every integer i.
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Proof. According to the proof of Proposition under the application of (e9¢8)*
only the term EL" survives among the terms E5° with a +b = i +n in (4.3)

Therefore the result follows from Lemma (.17 O

Remark 4.10. Everything in Sections remains valid if we base change (hor-
izontally) from R; to an Rj-algebra R.

4.3. Etale and Betti cohomology. Let F§° be the algebraic closure of Fp in C.
By abuse of notation, we shall write My gac := My o o ® F§° and denote by Apae
Fo,(p)

the pullback (to My pae) of the universal family from My, o, rather than from My ;.
Let fn pge : Afac = My pge denote the structural morphism. We shall use similar
notation for pullbacks to C.

Let A be an integral domain, finite flat over the p-adic completion of R; (and
hence finite flat over Z,). Then (g,). acts naturally on the relative étale cohomol-
ogy R"(fn,Fse)w.et(A) = R (fn Foc)wet(Zp) 2@ A and the relative Betti cohomology

R™(fn.c)«B(A) = R™(fn.c)B(Z) %A, and we define

étKE;] = (Eu)* Rn(fn,FDaC)*,ét(A)<_tu)
and
BV = (€)" B (fa0)sB(A)(—tp).

Remark 4.11. For the same reason as in Remark the sheaf étZ[VM (resp. BK[VN])
is a direct summand of R"(fy o)« et(A)(—t,) (vesp. R™(frn,c)e(A)(—tu))-

Proposition 4.12. With the assumptions as in the beginning of Section [, suppose
moreover that 2d < p. Let e3¢ ¢ Zp)[Z] be as in Proposition . Then, for any i,
we have canonical isomorphisms

(4.13) Hi (Mg, pge, 6V (1) 22 (60)" (63°5)" H™ (Alge, A) (=)

and
Hi(Mygc, BV () = ()" (€5°8)" HET™ (AR, A)(—tp).-

Proof. The same argument as in the proof of Proposition [£.8 using a Leray spectral
sequence analogous to (4.3]) works here. O

Proposition 4.14. Let K2° be any algebraically closed subfield of C contain-
ing F§°. The embeddings F§° & K2 < C determine canonical isomorphisms
Hi (Myy e, eV i) = Hi (Myg ke, 6V (1)) = Hy (Mg e, 8Y ) for all i.

Proof. By [8, Arcata, V, Cor. 3.3], the embeddings between separably closed
fields determine canonical isomorphisms H ™M (Afee, A) 5 Hi (A, A) =
H (AR ). By [2, XI, Thm. 4.4], there is a canonical isomorphism
H™ (AR A) 5 H5™(AZ,A). Thus the result follows from Proposition by
applying (¢,)* and Tate twists. O

Thus Proposition relates the Betti cohomology in the Question of the In-
troduction with the étale cohomology, which might be more interesting because
it realizes Galois representations. Moreover, for our purpose, the main technical
advantage of the (torsion) étale cohomology is that (with the reduction steps to
be introduced in later sections) it can be studied using techniques only available in
positive characteristics via p-adic comparison theorems.
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5. CRYSTALLINE COMPARISON ISOMORPHISMS

To prove the vanishing and the torsion-freeness of the Betti (or étale) cohomol-
ogy in the Introduction, we will first prove the corresponding statements for the
de Rham (or crystalline) cohomology, and apply the crystalline comparison iso-
morphism. We will only use the basic case of a projective smooth scheme over an
absolutely unramified p-adic base ring.

First, let us fix the notation. The structural homomorphism Op, — R; deter-
mines a p-adic place of Fy, and we will denote the completion of O, at this place by
W recall that p is unramified in Op,, and we will identify W with the ring of Witt
vectors of its residue field. By passing to the completions, W embeds canonically
into the p-adic completion of R;. Let K := Frac(W), and fix an algebraic closure
K2 of K. We also fix an isomorphism ¢ : K2 5 C of Fy-algebras, and identify
F}° (under ¢) with the algebraic closure of Fy in K?°.

We let My w = My ® W and denote by Ay the pullback (to My w)

Fo,(p)
of the universal family from My o (rather than from My ). We shall use similar
notations for pullbacks to K and K?°.

5.1. Constant coefficients. For an integer s > 1, we write W, = W/p*W and
use the abelian category MF 1™ defined in [6 3.1.1]. For the sake of brevity, we

tor

shall refer to an object (M, (Fil®(M))o<a<r, (Pa)o<a<r) of MEL" simply by the
underlying W-module M when there is no ambiguity about additional data.
Let Z be a proper smooth scheme over W. For any integer s > 1, put Z; :=

Z @ W,. Then [14] 11, Cor. 2.7] shows that for 0 < 7 < r < p — 1, the de Rham
W

cohomology H(Z,, QY ) (with its Hodge filtration and its crystalline Frobenius,

which we omit from the notation) defines an object of the category MF{OZ

Recall A, := @ng(<OKac/(pOKac))/Ws). (See [6l, 3.1.2] or [13 p. 242].)

Definition 5.1 (see [14, II, Cor. 2.7]). For an object M of MFL" and an inte-
ger s > 1 such that p°M = 0, we put T..(M) := Homw, rie o, (M,Acr /D Acr).
(We suppress s from the notation since the result is independent of the choice of
s.) It defines a contravariant functor from M{OZ to the category of continuous

Gal(K?°/K)-modules. We also define a covariant functor by putting Te, (M) =
Th (M) = Fil" (Ae @ M)# =1 (=r).
W

By [6], Thm. 3.1.3.1], for 0 < r < p — 2, the functor T}, is fully faithful.

Theorem 5.2 (see [6l Thm. 3.2.3], [14, III, 6.3], and [12, Thm. 5.3]). Let Z be

a proper smooth scheme over W, and let s be an integer > 1. For 0 < j < r <

p — 2, we have a natural isomorphism Te(H3g(Zs/Ws)) = HL (Z © K*°,Z/p°Z),
w

compatible with the action of Gal(K?°/K). The isomorphism is functorial in the
proper smooth W -scheme Z and is compatible with the cup product structures and
with the formation of the Chern classes of line bundles over Z.

5.2. Automorphic coefficients. Let A be an integral domain, finite flat over the
p-adic completion of Ry (and hence finite flat over Z,)). (See the second paragraph of
Section ) Assume moreover that the set 2 := Homg, a1 (W, A) has cardinality
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[Fb : Q], so that there is a natural decomposition

5.3 WA= Wo,
(5.3) oa=]]

P ge

where each W, is a copy of A on which W acts via o : W — A.
Let p € XJG“I<WP with n := |u|L,. According to Theorem for any integer s > 1
and any 0 < 7 < p — 2, we have a natural isomorphism

(5.4) Ter(Hig (Afy, /W) = H (A Z/p°L).
Let Ag := A/p°A, and apply ® A; to both sides of || Then we obtain
Z/psZ

(5.5) Ter((Hig (Al / Spec(Wy)) Z/@ i Ag) = HI (A%ac, A).
pS
By taking reduction modulo p* of (5.3), we obtain a similar decomposition

W, @ Ag= [[ Wy, for each integer s > 1. By the base change property of the
Z/p°L e
de Rham cohomology, the isomorphism (5.5)) can be rewritten as

(5.6) Ter (Uiaﬂ Hip (A, /WJ,S)) > HI (AT, ).

Suppose 2d < p, and max(2,7,) < p whenever 7 = T7oc. Let g, = ¢} ¢ E L
be defined in Proposition 3.7, and let £1°® be defined as in with by = n. Then
the sheaves étz[v#] and BK] are defined as in Section and Propositions and
relate the cohomology of automorphic sheaves to those of the fiber products
of A.

Suppose moreover that |u|,e < p. Then Lemmas and imply that the ac-
tion of the idempotent (Ef‘t)* can be achieved by taking cokernels of morphisms from
cohomology groups of lower degrees, defined by functoriality and by cup products
with Chern classes of line bundles. (We use Lemma to ensure that the coho-
mology of the cokernel of is the cokernel of the induced morphism between
cohomology groups.) On the other hand, all the actions of 5?{, 52, el and edes
involve only functoriality. Therefore, by and (4.13)), the natural properties
satisfied by the comparison isomorphism in Theorem [5.2] imply that

ALY
uEp

(5.7) Tor (aﬁgg HQR(MH,WG,S/SWG,S7K[V;L],WU,S)> = H (Ma koe, 6tV )

for any 0 < ¢ < 2d such that j =i+n <p—2.

Proposition 5.8. With the assumptions on p and p above, ifHéR(MH,l,K[vﬂ]m) =
0 for some integer i such that i +n < p — 2, then He?t(MH’FSC,étKE;L],Al) =0 for

the same 1.

Proof. This follows from (|5.7)) and Proposition O

Definition 5.9. We set |ft|comp := 2d + n, called the comparison size of p.

Remark 5.10. The definition of |¢|comp depends on the comparison theorem we use.
Using the crystalline comparison that allows non-constant coefficients, |pt|comp can
be made smaller.
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6. ILLUSIE’S VANISHING THEOREM

6.1. Statement. We use Illusie’s notation in this subsection, which is somewhat
different from ours. As we will rely on the vanishing theorem only in the form of
Corollary in the next subsection, this should not create any confusion.

Let k be a perfect field of characteristic p > 0, and let (X, D) and (Y, E) be pairs
of smooth schemes over k endowed with simple normal crossings divisors. Suppose
f:(X,D) — (Y, E) is a proper semistable morphism (see [22] §1]), and consider the
relative logarithmic de Rham cohomology sheaves H™(f) = R™ f.(w /Y) for inte-
gers m > 0, equipped with the Hodge filtration and the Gauss—Manin connection
(the two satisfying the Griffiths transversality).

Theorem 6.1 (Illusie; cf. [22, Cor. 4.16)). Assume that f lifts to f over Wa(k) in
the obuvious sense (see [22, §2]), that Y is proper over k of pure dimension e, and
that L is an ample line bundle over Y. Then, for every integer m < p — e, we have

(1) H(Y,L@gr' wy(H™(f))) =0 for i+ j > e; and
(2) HAHI(Y L) rt i (HP(1)) =0 for i+ 5 < e.

Proof. The assumptions imply that the conclusion of [22], Thm. 4.7] is true, namely
that there is a decomposition in the derived category

@gI‘j w'yl (Hl) :> Fy/k*w'y(H),
J

where we abbreviated H = H™(f), and where the subscript 1 denotes the base
change by the absolute Frobenius on k. The condition (*) in [22, Thm. 4.7] is
verified for i+j < p by [22], Cor. 2.4] in view of our assumptions, and this suffices for
the calculations and constructions in [22], §§3—4]. Moreover, the condition m—+e < p
implies that the subcomplex G,_; is the whole complex.

From this decomposition, we get our first vanishing statement just as Illusie got
[22] (4.16.1)], using Serre vanishing.

The second statement is different from (4.16.2) in loc. cit., when E is nonempty.
Instead of applying duality, we directly apply the inequality (4.16.3) in loc. cit. to
M = L~! repeatedly, and use Serre vanishing for high tensor powers of anti-ample
line bundles. ([

6.2. Application to automorphic bundles. Applying Theorem to the
Shimura variety and automorphic bundles, we immediately deduce:

Corollary 6.2. Suppose u € Xé’pr with n := |p|L, and max(2,r;) < p whenever

T = Toc. Recall that d = dims, (My1). (See Definition [3.9}) Suppose moreover

that |ptlre = d4+n < p. Let L be an ample line bundle over My 1. Let L, := L @ k1.
Ry

Then we have:

(1) H (M3 ey, Lry  ® Grp(Kmm Y ® QKAH,KI/SM)) =0 for every i > d.

M’H,nl MH»NI
(2) H' (M3, L)) ’ ® GTF(KEL]M " ® QKAH,KI/SM)) =0 for every i < d.
M’H,nl M’H,ml

Definition 6.3. We say u € Xg’pr is p-small for Illusie’s theorem if ||, =
d+ |p|L < p. (See Definition ) We write in this case that p € Xg’f”p.
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6.3. Reformulations using dual BGG complexes. For any v € Xﬁ’fp (as in
Definition [2.29)), and for any Ri-algebra R, we define W, p = &m, (W, R) =
Ep, . rR(W, r) (see Lemma [1.20]). For any p € ngp and any w € WM we define
Wy, := @© W, g, and define WI\U/.M r and EZPM g in the similar, obvious
vEw- ’ ’
way. (]
For any integer a > 0, we denote by W™ (a) the elements w in WMt with length
l(w) = a.
Theorem 6.4 (Faltings; cf. [I1} §3], [I3l Ch. VI, 85|, and [37, §5]). Let R be any
R1-algebra. For any p € Xg’fp, there is an F-filtered complex BGG'(KEL],R)’ with
trivial differentials on F-graded pieces, such that
a V ~ \
Gre(BGG (K[u],R)) = wewel%ll(a)ww'[u]’R
as Ow,, ,-modules, together with a canonical quasi-isomorphic embedding

Gre(BGG* (V) r)) <= GTF(K[V,L],RﬁQ? QM5 /sn)
My, R

(of complexes of Owm,, ,-modules) between F-graded pieces.

If G; has no type D factors, then this is well known. The same method in [I3]
Ch. VI, §5] and [37, §5], using [42, Thm. D] as the main representation-theoretic
input, carries over with little modification. However, after consulting Patrick Polo
and after checking the details more carefully, we realize that the method involves
only the (compatible) actions of Py and Lie(Gy) (cf. Lemma[2.14), and that, if one
use a simple variant of [42, Thm. A] instead of [42] Thm. D], the method also works
when G; has type D factors. For more detailed explanations, see [30].

Corollary 6.5. For any u € Xg’fp and any Ry-algebra R,
(6.6) H'(My,r, Gre(V{,) 5 ,® O o)) & O H7) (May g, W1 R)-

M R weWM1
Combining Corollary [6.2] and Theorem [6.4] we obtain:

Corollary 6.7. Suppose u € Xg’f‘ep (see Definition , and max(2,r.) < p
whenever T =T oc. Let L be an ample line bundle over My 1. Let L., == L ® k1.
Ry

Then, for any w € WM we have:
(1) HTO Moy, Loy @ Wi e,) =0 fori > d.

—w-[u],k1
MH,NI
(2) Hi*l(“’)(M’H,maEXI o X w”l\l/l'[u],fﬁl) =0 fOTi <d.

Matq
Clearly, Corollary will be more useful if £ is an automorphic bundle (in the
sense of Definition [1.16)). We shall investigate this possibility in Section
7. AMPLE AUTOMORPHIC LINE BUNDLES
7.1. Automorphic line bundles.

Definition 7.1. Any weight v € X&’fp such that W, is a rank one free Ri-module
is called a generalized parallel weight. We say in this case that W, is an
automorphic line bundle. For simplicity, we say v is positive if the associated
automorphic line bundle W, is ample over My ;.
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According to 1) we have M; & ( 11 MT> X (G ® Ry), with two possibili-
T€EY /c Z

ties for the factors M, :
(1) fr=7oc, then M, 2 GL, ® R; = GL,, ® R;.
Z Z
(2) If 7 # T oc, then M, = (GL,. x GL,,) %)Rl.
This shows that:

Lemma 7.2. The generalized parallel weights v in Xl'\"/l’fp are exactly those v =
((vr)rersesvo) = (((Vri, )1<is <r, )rer/e; Vo) satisfying the following conditions:

(1) If r=r71oc, thenv, = k-(1,1,...,1), where k. € Z.

(2) If T # Toc, thenv, = k-(1,1,...,1,0,0,...,0)—k+0.(0,0,...,0,1,1,...,1),
where kr, kroc € Z, where the first term has 1’s in the first q. entries, and
where the second term has 1’s in the last p, entries. (We place the minus
sign in front of kroc S0 that the value of v, and v,o. are independent of the
choice of representatives in Y /c.)

(There are no restrictions on the sizes of k+ or kro.. Weights v of the above form
are all p-small.)

Definition 7.3. The integers (k;)rey in Lemma are called the coefficients
of the generalized parallel weight v.

An important feature of a generalized parallel weight is that W, ® VVHv = Wl_l,
Ry

and WY @ WY =2 WV
v R m

it for any p € XR'/I’fp . (Adding or subtracting a generalized

parallel weight does not affect p-smallness of a weight in Xf{,h .) Therefore, tensoring
with an automorphic line bundle simply shifts the weight of an automorphic vector
bundle.

Corollary implies in particular that:

Corollary 7.4. Suppose p € Xé“f“’p, and max(2,r,) < p whenever T = T o c.
Suppose w € WMl, and v € Xf\'/l’fp s a positive generalized parallel weight. Then
we have:

(1) H10) (M, W

(2) Hiil(w) (M?-L,/ﬂ ) w;{;,b]-&-y,&l )

-y ) =0 for every i > d.
=0 for every i < d.
Changing our perspective a little bit:

Corollary 7.5. Suppose u € Xg’pr, we WM and max(2,7,) < p whenever
T = T oc. Suppose that, for each i/ € [u], there exist positive generalized parallel
weights vy, v_ € Xﬁ’fp such that the condition p/ w1 (vy) € ngfep is satisfied.
(The choices of v+ may depend on u'.) Then Hiil(“’)(l\/lqtm,wx,[ =0 for
every i # d.

Combining Corollaries [6.5] and we obtain:

Theorem 7.6. Suppose u € Xé’pr, and max(2,7,) < p whenever T = T o c.

;A],m)

Suppose that, for each w € WM and each ' € [u], there exist positive generalized

parallel weights vy, v_ € Xﬁ’fp. such that the condition p' + w=(vy) € Xg’f”p

is satisfied. Then we have HZ(MH_M,GrF(KE;L] o ® )) = 0 and
L

M3, i1 /Sky
H, k1

HéR(MH,Kl/Sn“KE/ ) =0 for every i # d.

Hlsk1
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Proof. The first statement follows from Corollaries [6.5] and [7.5] The second state-
ment then follows from the Hodge to de Rham spectral sequence

(77) E‘ll’b = Ha+b(|\/|H’1,GI‘g(KEL] ﬁ® QK/I’H,l/Sl)) = Hgﬁrb(MH’l/Sth])
M3 1

associated with the hypercohomology of filtered complexes. O

7.2. Ampleness. The most well-known (and perhaps the only known) way to pro-
duce ample automorphic line bundles is to use variants of the Hodge line bundle:

Proposition 7.8. The line bundle w := A™P Lie} ,, is ample over My,.

Proof. For the case of Siegel moduli schemes with principal levels at least 3, this is
recorded in [38, IX, Thm. 3.1; cf. VII, Def. 4.3.3]. The case for My, can be deduced
in two ways. The first way is, by replacing H with a finite index subgroup (which
results in passing to a finite cover of My, which does not affect ampleness of line
bundles), we may assume that there exists some finite forgetful morphism (defined
by the universal polarized abelian scheme) from My to a Siegel moduli scheme with
principal level at least 3. The second way is to refer to [29, Thm. 7.2.4.1] (following
and generalizing [I3} Thm. 2.5]). O

Lemma 7.9. The line bundle w is isomorphic to W, with coefficients (k:)rex of
v satisfying kr = kg, (V;). (See Section [2.1] for the definition of V;.)

Proof. This is because Liej v, , = Liejv m,, , = &, r(Lg,) as vector bundles
over My 1 (ignoring Tate twists). (See Definition and Example ) O

Proposition 7.10 (Correction of the originally published version). An automor-
phic line bundle W, defines a torsion element in the Picard group of My 1 if its
coefficients (k:)rex of v satisfy the condition that k; + kroe =0 for all 7 € Y.

Proof. Suppose that the condition in the proposition holds. Then the representation

W, is trivial after pullback to the complexification of the maximal compact sub-

group of G(R), and hence the pullback W,, ¢ of W, under any ring homomorphism

R; — C is trivial, by the comparison in [27, §5.2]. Suppose R is any discrete valu-

ation ring finite flat over Ry such that K := Frac(R) is Galois over Ky = Frac(R;),

and such that the connected components of My g = My 1 1(? K are geometrically
1

connected. Let k and w denote the residue field and uniformizer of R, respectively.
Let M to be any connected component of My, 1 ® R, and let W denote the pullback
Ry

of W, to M. By taking norms with respect to the action of Gal(K/K}), it suffices to
show that W is trivial. Since the structural morphism My — So = Spec(Op,,p))
is proper and smooth, all fibers of M — Spec(R) are geometrically integral, so
that H°(M, Oum) = R. Since W, ¢ is trivial, both H°(M, W) and H°(M,W") are
nonzero. Suppose s and t are nonzero elements of these two groups, respectively,
whose product st defines an element of H(M, Oy) = R. Let V(s) (resp. V(t))
denote the closed subsets of M where the morphism Oy — W (resp. W — Oy) de-
fined by s (resp. t) fails to be an isomorphism. Suppose st = wr for some r € R, so
that M %) k C V(s)UV(t). Since M % k is integral, either M % kCV(s)and s = ws’

for some s’ € H'(M, W), or M@k C V(t) and t = wt’ for some ¢’ € HO(M,W").
R

Up to replacing s with s’ or ¢ with ¢/, and by repeating this process, we may assume
that st € R*, in which case V(s) =0 = V(¢), and so W is trivial, as desired. O
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Definition 7.11. We say our linear algebraic data (O, %, L, (-, -), ho) is Q-simple
if F'is a field, or equivalently if O ® Q is a simple algebra.
zZ

Definition 7.12. We say that two elements 7,77 : Op — Ri in
T = Homg .. (OF, R1) are equivalent over Q, and write T ~q 7', if they
factor through the same simple factor of Op. The equivalence class containing T
is denoted by [T]q.

Then our linear algebraic data is simple if and only if T has a single equivalence
class under ~q.

Lemma 7.13. If our linear algebraic data is simple, then rkg, (V;) is a constant
independent of T € T.

Proof. Since we assumed that Op is split over Ry, if our linear algebraic data is
simple, then O. is abstractly the same algebra over R; for all 7 € Y. Hence
rkg, (V) is a constant independent of 7, as desired. O

Definition 7.14. We say that a generalized parallel weight v with coefficients
(kr)rex is parallel if [k], := k; + kroc satisfies [k], = [k]; whenever T ~qg 7'

Proposition 7.15. Let v be a generalized parallel weight with coefficients (k;)rex.
Then the automorphic line bundle W,, over My 1 is ample if it is parallel (as in
Definition [7.14)), and if all the numbers [k]. are positive.

Proof. By decomposing F' into simple factors over QQ, by decomposing our linear
algebraic data accordingly, and by replacing H with a finite index subgroup (which
is harmless as in the proof of Proposition , we may assume that there exists
a finite morphism from My ¢ to a product of (base changes from possibly smaller
rings of) analogous moduli problems defined by simple linear algebraic data. Since
the conditions we listed respect this decomposition, we may assume that our moduli
problem is defined by a simple linear algebraic data. By Proposition Lemma
and Lemma we know that an automorphic line bundle with coefficients
(kr)rer is ample when k., is positive and independent of 7 € T. Then the result
follows from Proposition [7.10] O

7.3. Positive parallel weights of minimal size. For each 7 € T, let d, =
dimg, (G;)—dimg, (P;), and let d[,), := m:[u]< (ds+). Note that dj,), = d, whenever
T'E[T

T=Toc. ¢
Definition 7.16. We say that a parallel weight v € X&’fp (as in Definition D
is positive of minimal size if its coefficients (k;)rev satisfy the following condi-
tions:

(1) If d[T]Q =0, then k, = 0.

(2) Ifdiry >0 and 7 =Toc, then ky = 1.

(3) Ifdiyy >0 and 7 # 7 oc, then (k;, kroc) is either (1,0) or (0,1).

Using 1) we can say if a root a € @él comes from G for some 7 € T/ec.
Proposition 7.17. Suppose i € Xé , and suppose v € Xl\t{’fp is parallel and

positive of minimal size as in Definition . Then the condition p/ +w='(v) € XEI

is satisfied for every y' € [u] and w € W™ if the following conditions are satisfied
for all a € @gl :
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(1) If @ comes from G, such that T = T oc, then (', ") > min(|a”|, d7,)-
(Here the norm |aV| defined by the Killing form is at most 2.)
(2) If o comes from G such that T # 7 o ¢, then (¢, ") > min(1,d,), ).

Proof. If a comes from G, then (¢',a¥) = (p,,a¥). If 7 = 7 ocg,
then w™'(v;) = (vri )i<i.<r, has entries either +1 or 0. Hence
[(w™(vr),")| < min(|aV|,d,) for o € (I)g# If 7 # 7oc, then w™!(v,;) has
entries either 0 or 1 (resp. either 0 or —1, resp. all 0) when the coefficients (k;),cy
of v (see Definition [7.3) satisfies (kr,kroc) = (1,0) (resp. (kr,kroc) = (0,1), resp.
(kr,kroc) = (0,0)). Hence |[(w™'(v;),a")|] < min(1,d};,) for a € <I>JC§T. In both
cases, we have (u/ +w™(v;),a¥) > (1, ") — [(w™(v,), V)| > 0, as desired. O

Definition 7.18. We say that u € XJé is sufficiently regular if it satisfies the
conditions and in Proposition . We shall denote the set of sufficiently
regular elements in X&  (resp. Xé’fp) by X& (resp. Xéir’ﬂ’).

Remark 7.19. If 7 # 7o ¢ for all 7 € T, which implies that G; has only type A
factors, then being regular implies being sufficiently regular.

++,<
Xa, P

Lemma 7.20. Suppose that a weight p € satisfies |plre < p — min(2,d),

and that v € Xf\r/l’fp is a positive parallel weight of minimal size.  Then
(1 £w (V) + p,a¥) < p for any w € WM any p/ € [u], and any o € @gl.

Proof. By Definition |tlre = d + |p|n. By Definition el = >0 |pY,
T€YT/c

where p” means p! in Section (see in particular the explanation in Definition
[3-2); we modified the notation here simply to avoid a conflict with the z € [1] in the
statement of this lemma. Since d = ) d. with d, = dimg, (G,) —dimg, (P;), it
TEY /e
suffices to prove the inequalities for each individual 7-factor.
Ifr=7oc then pf, =pf, >pl; = Iu,; (1] >0forevery 1 <i, <r..
The condition |p|ye < p — min(2,d) implies that d. + |p) |, =d + >, pl, =

Ty ir
1<i  <r,
dr + > iy, | < p—min(2,d). Therefore, 0 < (4, ") < > |uf, | <
1<i;<r, 1<i;<r,

p—min(2,d) —d,, and hence (¢, + p,a") < p—min(2,d) for any a € @gT, because
(p,¥) < d.. Then the result is true because |(w™"(v-),")| < min(|a¥|,d};,) <
min(2, d). (We use sufficient regularity of u when 7 = 7 o ¢ only to make sure that
the condition p/ +w™!(v) € X{ is satisfied for every w € wM)

If 7 # 7 oc, then the sufficient regularity of y' implies that p), = p!, —
W 41 = 0 s a strictly decreasing sequence of integers for 1 < i, < r. except
when dj;j, = 0. We may assume that dj;), # 0, because otherwise v, = 0 by
Definition in which case there is nothing to prove. Since |u|.e = d+ |p|L < p
and p ; is strictly decreasing (because d,), # 0), we have, for any 1 <a < b <7,
(o —1lp) +5(0—a)b—a—1) < 3 pf; <|ui[ <p—1-d, and hence

a<i, <b
(sl o —pll )+ (b—a) < p—d . This implies that (i) + p,") = (u + p,a”) < p—d
for any a € ®f . Then the result follows from |(w™!(v;),a")| < min(1,dp,) <
min(1, d).
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Proposition 7.21. Suppose that a weight p € Xéj"q’ satisfies the condition

(7.22) |ttlve s = |ptle + > min(1, dy) max(pr,gr) < p.
TEY /e

Then p belongs to Xg’pr and satisfies the condition in Theorem ' that is, for
eachw € WM and each pi' € [1], there exist positive parallel weights vy, v_ € X&’fp
such that the condition p/ +w™(vy) € Xé’f“p is satisfied.

Proof. Under the condition , we claim that, for each w € WM and each
w' € [p], there exist positive parallel weights vy and v_ of minimal size such that:
(1) (W E+wt(ve) +p.a¥) <pforall e X .
(2) [1]re <pand [y £ w ™ (ve)lre <p.
(3) 1|l <pand g £w™ (ve)lL < p.
Since p; and ¢, cannot be both zero when d, > 1, the condition |¢/|;e + < p implies
|t/ |re < p — min(2,d). Hence follows from Lemma Moreover, follows
from because |y'|;e = d + |p/|L.

Let us verify by bounding |p/ £ w™!(ve)|L — |i'|L. As always, it suffices to
prove the inequalities for each individual 7-factor. We may assume that dj;), > 0,
because otherwise v , = 0. If 7 = Toc, then p; = ¢; =7, and |p) Tw ™ (ve . )|L <
|pl | + rr, because r, entries in y/ are added or subtracted by 1. If 7 # 7 o ¢,
then the definition of | - |, (in Section depends on the parity of the last entry.
Since the two choices of positive parallel weights of minimal size have disjoint
nonzero entries, we can choose vy , such that u/ +w=!(vy ;) have the same last
entry as p.. Therefore, in the calculation of |p/. £ w ™ (v4 ,)|L and |, |5, at most
max(p,, ¢, ) entries in . are added or subtracted by 1. Hence |, £w™! (v4 ,)|n <
|l | + max(pr, g-), as desired.

Remark 7.23. Although the number > min(1,d;)max(p;,q,) in (7.22) can be
TEY /c
large, it depends only on the real group G ® R.
Z

Lemma 7.24. Suppose that p € Xgl satisfies the condition l) Then
max(2,7,) < p whenever T =T oc.

Proof. If G; 2 Sp,,. ® Ry, then max(2,7,) < %TT(’I‘T + 1) +r =dr 77 <|ftlre+-
Tz
If G; = Og,. ® Ry, then r; < %T’T(TT +1) =d; + 77 < |ft|re,+ unless d; = 0, in
Z

which case r; < 2. On the other hand, 2 < p because we assume (see Section [L.1))
that p # 2 if O® Q involves simple factors of type D (as in [29, Def. 1.2.1.15]).
Z

Hence max(2,r,) < p in all cases. O

8. MAIN RESULTS AND CONSEQUENCES

8.1. De Rham and Hodge cohomology.

Theorem 8.1. Suppose u € ng‘p satisfies |plre+ < p. (See Definition

and (7.22).) Then, for every i # d, Hi(MH,m’GYF(KEL]M Y ® QR/IH,M/SM)) &

MH,Nl

© H 7l(w)(MH,R17E1\1/J~[u],n1) =0 and HciiR(MHMﬁl/SHNZEL],ml) =0.

weWM1
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Proof. This follows from Theorem [7.6] (and its proof using Corollaries [6.5] and [7.5)),
Proposition |[7.21} and Lemma [7.24 (]

Theorem 8.2. With the assumptions of Theorem the Hodge to de Rham spec-
tral sequence ((71.7) degenerates at E1 and defines the Hodge decomposition

Gre(Hap(Ma.r/Sr, Vi p)) = & Hiil(w)(MH,Raer[uLR)

weWM1

for any Ri-algebra R. The two sides are zero unless i = d, and each summand
H7U®) (My, g, EZJ,M’R) on the right-hand side is a free R-module of finite rank that

surjects onto H'=' ") (My, g, W

w‘[u]ﬂm)’ where kg := R ® k1, under the canonical

Ry
homomorphism Ri — k1 given by reduction modulo p.

Proof. Let us begin with the case R = Ry. Then gives a decomposition
Hi(MHJ’ GrF(ZE;L] ﬁ,\;@ QKA’H,I/Sl)) = 9 Hiil(w)(MH,lvwz/u-[M])'
H,1

weWMi
Because My 1 — S; is proper and flat, and because the sheaves EZ),M are locally
free, the upper semi-continuity of dimensions of cohomology (cf. [39] §5, Cor. (a)])
and Theoremﬂshow that the summands H*~{(") (M 4, EZ)_M) on the right-hand
side are zero unless ¢ = d. A similar semi-continuity argument (cf. [39, §5, Cor.
2]) proves that these summands are free and that they surject onto the similar
cohomology groups over k1 when i = d. All the cohomology groups being free over
Ry, these statements remain true after base change from R; to any R;-algebra R.
Finally, the degeneration of is trivial because EY * — 0 whenever a+b #d. O

Corollary 8.3. With the assumptions of Theorem the following are true for
any Ry-algebra R:
(1) HQR(MH,R/SKK[VM,M =0 for every i # d.
(2) H(‘fR(I\/IH,R/SR,K[VM’R) is a free R-module of finite rank.
(3) The tensor product of the de Rham complex of KEL] with the canonical
short exact sequence 0 — pR — R — kr = R ® k1 — 0 induces an ezxact

Ry
sequence

0— HgR(MH,R/SRW(K[\L],R)) - HcciiR(M%R/SRaK[vu],R)
- HccilR(M'H,HR/SKUKE/ ) — 0.

ul,kR
Proof. By [23, Thm. 8.0], it suffices to treat the case R = R;. We have al-
ready seen in Theorem but here is another argument to prove it and
the other two statements. Since all terms in the long exact sequence associated
with the short exact sequence in are finitely generated R;-modules, and since
HéR(MHm/Sm,K[VM]M) = 0 for all ¢ # d by Theorem we obtain by
Nakayama’s lemma. Then and follow tautologically. (]

8.2. Cohomological automorphic forms. Let wy be the unique Weyl element
in Wy, such that wo@&l =&y, and W, = Wl/we(u) for any v € X;’A’f”.

Definition 8.4. We say that a weight v € Xf&’fp is cohomological if there exist
uw e Xal and i/ € [u] such that —wo(v) = w - i for some w € WM. (Here w,
/

', and hence [u] are unique if they exist.) We write in this case that y' = p(v),
1] = [60)], and w = w().
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Definition 8.5. Let v € Xf\'/[’fp. Let R be any R;-algebra. An R-valued algebraic
automorphic form of weight v is an element of the graded R-module

A;(H, R) = H.(MH7R7EV,R)~

It is convenient to also introduce, for any Rji-module E, the E-valued forms
AS(H; E) = H*(My1,W, ® E). (This is compatible with Definition when
Ry

E=R)

Proposition 8.6. Let R be any Ry-algebra. If v € Xl\t[’fp is cohomological and
satisfies p(v) € Xéj’q’ and | (V) |ve,+ < p, then AS(H; R) is concentrated in degree
d—1l(w(v)), and AW e o direct summand of GrF(HgR(MH,R/SRaKEL(V)],R))'

Proof. This is a special case of Theorem O

Theorem 8.7. Let R be any Ri-module, and let kg := R ® k1. Letv € X;\'A’fp. For
Ry

simplicity, let us assume that max(2,7,) < p whenever T = 7 oc. Then AS(H;R)
has the following properties:

(1) If there exists a positive parallel weight vy (resp. v_) such that v — vy
(resp. v + v_) is cohomological and p(v — vy) € Xg’f“p (resp. p(v +
v_) € Xé’f”p), then AL (H; R) = 0 for every i > d — l(w(v — vy)) (resp.
i <d—Il(wlv+rv))).

(2) If R is flat over Ry, and if AL (H;k1) = O for some degree i, then
ATV H; R) =0 and AL(H; R) is a free R-module of finite rank.

(3) If At (H; Ry) = 0 = Tor®™ (ALF2(H; Ry),pR) for some degree i, then
AYFY(H; pR) = 0 and the natural morphism A’ (H; R) — AL (H;kgr) in-
duced by Ry — k1 is surjective; in other words, any section of A'(H;kRg)
is liftable, in the sense that it is the reduction modulo p of some section
in AL (#; R). (The condition Tori (A%+2(#; Ry), pR) = 0 holds, for exam-
ple, when either ASY2(H; Ry) or pR is flat over Ry. In particular, by ,
the full condition A5FY(H; Ry) = 0 = Torl (A5F2(H; Ry),pR) holds when
AP (Hi k1) = 0.)

(4) If A7 (Hik1) = 0 and AP (H;Ry) = 0 = Torf" (A52(H; Ry),pR) for
some degree i, then AL(H;R) is a free R-module of finite rank, and we
have a canonical exact sequence

0— A (H;pR) — AL (H; R) — A" (H;kg) — 0.

Proof. Let us first treat the case R = R; (and hence kg = x1). The statements for
AL (H; k1) in follows from a reformulation of Corollary and the correspond-
ing statements for A!(#; R1) follows from upper semi-continuity of dimensions of
cohomology, as in the proof of Theorem Then , , and all follow
from taking the long exact sequence induced by the canonical short exact sequence
0—Ww, L W, =W, . —0,asin the proof of Corollary

For a general R;-algebra R, essentially by [39, §5, Thm.], there exists a bounded

complex . whose components are free Rj-modules of finite type (a strictly perfect
complex) such that (¥ @ E) = A)(H; E) for any R;-module E, where ¢
Ry

denotes the i-th cohomology of the complex. Consequently, since R; is a discrete



VANISHING THEOREMS FOR TORSION AUTOMORPHIC SHEAVES 39

valuation ring, we obtain an exact sequence (the “universal coefficients theorem”)

(8.8) 0— Al (H;Ry) B - A% (H; E) — Torf (AL (#; Ry), E) — 0.

To show and , we use the vanishing and the freeness statements we have
already proved over R;. For example, if A% (H; R;) = 0 for every i < d — l(w(v)),
then Ag_l(w(y))(’H;Rl) is free over Rj, and consequently with £ = R im-
plies that Al (H;R) = 0 for every i < d — l(w(v)). To show , we take the
cohomology long exact sequence attached to the canonical short exact sequence
0— p(WV R) - W,g—>W,, .. —0, and deduce the vanishing AT (H;pR) =
0 from with E = pR. Finally, to show 7 we deduce the isomorphism
Af,(H;R) =~ A (H;Ry) ® R from (8.8) with F = R (and the assumption that

ASFY(H; Ry) = 0), and comblne this with (2) and (3). O

Remark 8.9. One can show using Serre vanishing that, for any positive parallel
weight v, there exists an integer Ny > 0 such that for all N > Ny sections
of A?/+Nu+ (H;kRr) (zero or not) are liftable to A8+Ny+ (H; R). However, Serre

vanishing does not give an effective bound for Ny, and Ny might have to increase
with the level H.

Remark 8.10 (cf. [32, Rem. 4.5]). One cannot expect the statements of Theorem
to be true for all weights, even for compact Picard modular surfaces. See [45, Thm.
3.4] for counterexamples to liftability of sections of A%(H; k1) to A%(H; Ry) with
wu(v) =0 and I(w(v)) = d (so for this v there cannot be a positive parallel weight
vy such that v — v is cohomological). Over such surfaces, there are global sections
of the canonical bundle (the bottom Hodge piece of the de Rham cohomology with
trivial coefficients) that cannot be lifted to characteristic zero. (The fact that the
Hodge to de Rham spectral sequence degenerates by [9] does not help.) Similarly,
there are nontrivial p-torsion Betti and étale cohomology classes.

8.3. Etale and Betti cohomology. Let A be an integral domain, finite flat over
the p-adic completion of Ry (and hence finite flat over Z,). (See the second para-

graph of Section [£.3]) Let A; = A/pA (as in Section [5.2)).

Lemma 8.11. Suppose there is a pu € XJC:l+ such that |p|re < p. Then 2d < p holds
automatically. (See Proposition [4.8])

Proof. Since |p|re = d + |p|L, it suffices to show that d; < |u,|, for any 7 € T/c.
If d; = 0, then this is obvious. Otherwise, since u € Xg?} we may assume that
entries of u! are strictly decreasing integers for any p’ € [u]. If 7 = 7 o ¢, then
dr < |ps|L. If 7 # T oc, then d; = prq; < %(p‘r +4:)(pr + ¢ — 1) < |prr U
Theorem 8.12. Suppose that p € ng’q’ satisfies |lre+ < p and |pt|comp < p—2
(see Deﬁnition . Then the following are true:

(1) Hg (Mg, Fdwetzé]y,\l) =0 for eve7.“y i #d.

(2) H, (MH ch,ccz[ﬂ]) =0 for every i # d.
(3) HE (Mg pae ,CtVE;L ) is a free A-module of finite rank.
(4) The canonical exact sequence 0 — p(s tV[M]) ctz[vu] — étz[vu] ®RA =0

A

lnduc@s an exact sequence
0 — HE My ae, p(ecV () — Hg (Mag pac, eV {1)) — HE (Mag pae, eVl 4,) — 0.
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The same are true if we base change the coefficient A to any A-algebra.

Proof. As in the proof of Corollary[8.3] by taking the long exact sequence induced by
the short exact sequence 0 — p(étzm) — étKEL] — étzm ® A1 — 0, the statements
A

, , and all follow from . (The base change statement follows from the
“universal coefficient theorem” for étale cohomology; cf. the proof of Theorem )
To prove , we may replace A with a domain finite flat over A and assume that the
set 0 := Homg, _aig. (W, A) has cardinality [Fp : Q], so that the results in Section
apply. By Lemmas and |tt|re,+ < p implies that 2d < p and that
max(2,r;) < p whenever 7 = 7 o c. Since |tt|comp < p — 2, Proposition applies
for any ¢ (from 0 to 2d), and follows from Theorem as desired. O

Corollary 8.13. Theorem [B:12] remains true if we replace the étale cohomology
with the Betti cohomology (over the complex numbers instead of FE°).

Proof. This follows from Proposition (]

8.4. Comparison with transcendental results. Just as Deligne and Illusie de-
duced vanishing theorems of Kodaira type in characteristic zero from the vanishing
statements in positive characteristic (see [9] and [22]), we now obtain purely alge-
braic proofs of (the crudest form of) certain vanishing theorems that have so far
been proven only by transcendental methods.

Lemma 8.14. Suppose ji € Xg’pr, and max(2,r;) < p whenever 7 = Toc. Then
BK[VM],C (resp. the analytification of K[VM]}C) over the analytification of My c can be
canonically identified with the sheaf of locally constant (resp. holomorphic) sections

of
G@\Xx V) x GA®)/H = G(Q)\X x G(A™)/H,

so that BK[V,L},@ is canonically isomorphic to the sheaf of horizontal sections in the

analytification of (K[\L]’C, V). A similar statement holds for v € Xf\r/[’pr and E,\f’@,
and the identifications respect the Hodge filtrations.

Proof. Tt suffices to verify this for V[X] c = L®C, together with its filtration de-
’ zZ

fined by Vi in (L.2)), which can be canonically identified with the relative Hy of the
universal abelian scheme, together with its Hodge filtration. Then the result fol-
lows because this is exactly how we identify PEL-type Shimura varieties (and their
universal objects) with their complex versions, as explained in, e.g., [27) §2]. O

Corollary 8.15. The objects BZK"LC’ KEL],@ and w\u/,cc in Lemma [8.14
can be defined independently of p, and we have a canonical isomorphism
Hé(MH,@,BZ[VM]’C) = HéR(M%C’VEL],C) for each i. By abuse of language, we shall

extend the definition of these objects to all dominant weights.

Note that XJGrng = ng’q’ has an unambiguous meaning for any valid choices
of p and R;. We shall write G¢ in place of G; in what follows in this subsection.

Theorem 8.16. Suppose i € Xég. Then the following are true:
(1) Hi(My e, BKEL‘L(C) =0 for every i # d.
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(2) The Hodge to de Rham spectral sequence for the de Rham cohomology of
KEL],C degenerates at E1 and defines by taking Grg a Hodge decomposition

Gre(Hir(Ma.c/Sc, Vi e)) = H My e, Gre(V]), mf@ Qs c/50)
H,C

~ i—Il(w) \2

- wE%MC H (M’H,C>Ew-[u],(€)'
Combining with , we see that every summand on the right-hand side is zero
when i # d.

Proof. By Corollary we can choose a good prime p (see Section |1.1]) so large
that pu € Xg;"p and |pfre,+ < p. Then the results follow from Theorem O

Remark 8.17. To the best of our knowledge, the simplest (analytic) proof of Theo-
rem is given by Faltings in [11], using his construction of dual BGG complexes
(based on older ideas in [3]). It is perhaps not a coincidence that our method uses
this BGG idea as well. However, the proof in [II] uses C'*°-resolutions of vector
bundles and harmonic forms, and as such looks inadequate for dealing with torsion
coefficients. In this sense, the (purely algebraic, characteristic p > 0) theory devel-
oped by Deligne and Illusie is as indispensable in our proof as Hodge theory is in
that of Faltings.

Remark 8.18. A more general theory of vanishing theorems from the perspective
of automorphic representations and group cohomology of arithmetic groups (for
general reductive groups) has a good modern summary in [33] §2], with major
inputs from [46], and with some updates in [34] (concerning Eisenstein cohomology
classes absent in our compact case).

Remark 8.19. In works mentioned in Remarks and B.18] it suffices to assume
that p is regular, a weaker (and hence better) condition than ours when Gg¢ has
factors of types C or D. (See Remark [7.19]) This is a fundamental restriction of
our technique, relying on the positive parallel weights of minimal size.

Similarly (to the case of Gy), Xﬁc = X?\—/h has an unambiguous meaning, and we
shall write M¢ in place of M; in the remainder of this subsection.

We can extend the definition of A$(#,C) to all v € Xj; , and deduce from
Theorem R that: :

Theorem 8.20. If there exists a positive parallel weight vy (resp. v_) such that
v—vy (resp. v+v_) is cohomological and p(v—vy) € XEC (resp. p(v+v_) € XJGFC),
then AL (H;C) =0 for everyi > d—l(w(v —vy)) (resp. i < d —l(w(v +v_))).

Remark 8.21. When v is cohomological and u(v) is regular, the simplest analytic
result is the same work of Faltings mentioned in Remark

In the general non-compact case, there is a much longer story for analytic results
on vanishing. We defer such discussions to [31], where we will present their algebraic
(and torsion) analogues.
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